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ABSTRACT 
This dissertation presents the elastic stress analysis and the 
ultimate strength evaluation of single cell, composite steel-concrete 
box girders. Simply supported girders with and without overhang are 
treated. In the elastic analysis the process is applicable to any 
cross section shape with a vertical axis of symmetry. In the ulti-
mate strength estimation, however, only rectangular shapes are 
considered. 
The elastic analysis treats flexural and torsional loading 
separately. The total response of a· girder is obtained by super-
position. In the flexural analysis the shear lag effect is con-
sidered. In the torsional analysis thin-walled elastic beam theory 
was employed to account for torsional warping. The effect of cross-
sectional deformation is found to be negligible when loads are 
applied at intermediate diaphragms. Both the concrete deck and the 
bottom flange can be considered either isotropic or orthotropic in 
the elastic analysis. 
The ultimate strength is estimated by considering the buckling 
and the post-buckling behavior of the web panels. By making use of 
a web tension field model of plate girders in conjunction with thin-
walled torsional theory, an analytical procedure is formulated for 
-1-
) 
l 
evaluating the ultimate strength of the girders subjected to shear 
and bending, or to shear, bending, and torsion. 
The computed elastic stresses and deflections and the 
estimated ultimate loads compare well with experimental results. 
-2-
} ) 
1. INTRODUCTION 
1.1 Background 
Steel and composite steel-concrete box girders have become 
increasingly popular as bridge superstructures in the last two 
decades. The main reasons are that the box girders are 
(1) structurally efficient because of their high torsional rigidity, 
(2) aesthetically pleasing because of their long span with shallow 
depth, and (3) highly economical in fabrication and in maintenance 
because of their segmental type of construction and their interior 
space sealed to provide a noncorrosive atmosphere. 
It was not until the four unfortunate erection 
failures(l.l,l. 2) of box girder bridges in Austria, the United 
Kingdom, Australia, and Germany, that this type of structure re-
ceived extensive research. In particular, the Merrison Committee 
was established by the United Kingdom Department of the Environment 
to inquire into the basis of design and method of erection of steel 
box girder bridges. The committee issued the "Interim Design and 
Workmanship Rules"(l.)). The content of the rules is mainly the 
elastic, prebuckling stress analysis taking into consideration the 
effects of shear lag, torsional warping, cross-sectional distortion, 
residual stresses, and plate initial imperfections. 
-3-
The methods of analysis and design of box girders have been 
1 . (1. 4 ,l.S,l. 6) Th f ld d surveyed severa t1mes to date . e prismatic o e 
plate theory by Goldberg and Leve(l.l) considers the box girder to 
be made up of an assemblage of folded plates. This method uses two-
dimensional elasticity theory for determining membrane stresses and 
classical plate theory for analyzing bending and twisting of the 
component plates. The analysis is limited to straight, prismatic 
box girders composed of isotropic plates with no interior diaphragms 
and with simply supported end conditions. Scordelis(l.B) later 
presented a folded plate analysis for simply supported, single-span 
box girder bridges with or without intermediate diaphragms. 
The thin-walled elastic beam theory developed by Vlasov(l. 9) 
has been refined and extended to treat simple or continuous single-
cell girders with longitudinally or transversely stiffened plate 
1 t d 'th . 'd d f bl . . d' h (l.lO,l.ll) e emen s an WL r1g1 or e orma e 1nter1or 1ap ragms . 
The complexity of the refined analytical methods, the "plate element" 
method and the "generalized coordinate" method, tends to obscure the 
effects of the major design parameters. A simplified version of the 
refined methods for determining the stresses induced from cross-
sectional distortion of a single-celled box girder has been developed 
based on an analogy with the theory of a beam on an elastic 
f d . (1.12) oun at1on . 
The finite element method is the most general of the methods 
utilized. It can treat any loading and boundary conditions, varying 
girder dimensions and material properties, and interior diaphragms. 
-4-
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However, more computer time is required than with the other methods . 
The main problem in the finite element procedures has been to seek a 
more sophisticated displacement field so that the resulting stresses 
and node displacements can represent the actual conditions more 
realistically. Scordelis(l.l3) has used rectangular elements with 
six degrees of freedom per node in his concrete box girder studies. 
Lim and Moffat(l.l4) have developed third order extensional-flexu~al 
~--·-- -- --
rectangular elements. These elements were extensively used in con-
ducting parametric studies of shear lag and cross-sectional distor-
tion for the preparation of the Merrison Interim Design Rules(l. 3). 
In addition, there are modified methods such as Finite Segment 
Method(l.l 3) and Finite Strip Method(l.l5). The finite segment 
method, using matrix progression pro~edures, is based on simplified 
folded plate theory. The finite strip method is the extension of 
the finite element method to the case of finite strips. 
All these methods are confined to the elastic analysis of 
box girders. Very limited studies have been made on the evaluation 
of the ultimate strength of box girders. In 1968 Parr< 1•16 •1•17) 
reported his work on the ultimate strength of box shapes having 
stocky web plates and subjected to flexural loads only. In 1971 
C d (1.18,1.19) 1 d f 11 1 b orra o camp ete tests o two sma stee ox girders to 
failure in bending and in bending plus torsion, and formulated a 
method of estimating the ultimate strength based on plate girder 
theory. In 1975 Yilmaz(l. 20) used plane stress finite elements in 
conjunction with the incremental theory of plasticity to evaluate 
-5-
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the ultimate strength of box girders. If applied to girders with 
moderately stocky component parts, this method can yield good 
results. Hmvever, for box girders with thin webs in ~vhich general 
yielding does not occur prior to web buckling, this method over-
estimates the strength. 
1.2 Objectives, Scope and Contents 
Most of the methods of analysis discussed previously are 
primarily used for the examination of stresses and cross-sectional 
proportioning of box girders after a design is established. The 
main objectives of this work include: 
1. The development of a procedure for elastic stress 
analysis on the basis of classical elastic theory from 
which information can be derived for quick proportioning 
of box girder cross sections, and for use in design 
for fatigue. 
2. The development of a procedure for evaluating the 
ultimate strength of box girders from which the margin 
of safety of a girder under service can be established. 
The common configurations of box girder cross sections are 
illustrated in Fig. 1.1. The top flange of a box girder may be a 
reinforced concrete slab or an orthotropic steel deck. The bottom 
flange may be a plane or an orthotropic steel plate. The webs may 
be plane steel plates stiffened transversely or transversely and 
longitudinally. The single box with a concrete deck is chosen for 
-6-
r 
• 
• 
this study. A combination of single boxes form a multi-box with 
the webs carrying the flexural shear and the top deck serving as the 
roadway. This probably is one of the most efficient and economical 
arrangements for long span steel and composite steel-concrete 
bridges. 
In this study a load eccentric to the shear center, as shown 
in Fig. 1.2, is decomposed into bending and torsional systems. The 
torsional system is further decomposed into pure torsional and dis-
tortional systems. The bending system considering shear lag effect 
is discussed in Chapter 2. The concrete deck and the bottom flange 
can be either isotropic or orthotropic. The expressions for the 
stress distribution in and the equivalent widths of the flanges are 
deduced. The pure torsional system is considered in Chapter 3. 
A unified, consistent method for the evaluation of torsional cross-
sectional properties of composite box sections is presented. In 
Chapter 4 the distortional system is discussed. The torsional and 
the distortional warping normal stresses are compared. The 
deflection caused by cross-sectional distortion is also examined. 
In Chapter 5 the computed and the experimental stresses and de-
flections are compared within the elastic, prebuckling range, Good 
agreement has been observed. 
The buckling of web panels induces nonlinear effects. A 
finite difference procedure in conjunction with the finding of the 
smallest characteristic value is employed in Chapter 6 to obtain 
buckling coefficients for supplement to the available data. With 
-~ 
buckling coefficients covering all possible loading cases available, 
the buckling strength of the web panels can then be evaluated. In 
Chapter 7 the ultimate strength theory of plate girders is extended 
to assess the ultimate strength of rectangular composite box girders 
subjected to bending without torsion. The influence of flange 
rigidities on the width of the web tension yield band is included. 
Chapter 8, which incorporates thin-walled torsional theory, is the 
extension of Chapter 7 for the assessment of ultimate strength of 
rectangular composite box girders subjected to bending and torsion. 
Final conclusions are presented in Chapter 9. 
-8-
• 
2. FLEXURAL ANALYSIS 
2.1 Review of Bending Theory 
The Bernoulli-Navier hypothesis states that plane cross 
sections of a flexural member remain plane after bending. This 
requires that the longitudinal strain of a fiber is proportional to 
its distance from the neutral axis. For box girders with high 
ratios of flange width to span length, shear lag effect in the 
flanges cannot be ignored. This hypothesis is therefore not valid. 
A more rigorous solution is required. 
If the equivalent elastic constants, which are to be 
discussed in Section 2.2.1, are obtained for the deck of a composite 
box girder as shown in Fig. 2.1, the moment of inertia about the 
centroidal principal axes of a cross section can be computed in the 
same manner as for conventional composite sections. The normal 
stresses are given by 
My 
X 
(J = 
z I (2.la) 
X 
Mx 
(J = J_ 
z I (2 .lb) y 
in which cr is the longitudinal stress, and M , M , I and I are 
Z X y X y 
the bending moments and moments of inertia of the transformed 
section about the centroidal principal x- and y-axes, respectively. 
-9-
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The shearing stress at a point in the cross section due to a 
shear force V acting in the y-direction is given by y 
v Q 
'T = 
y X 
I t. 
X ~ 
(2.2a) 
To compute the static moment of area, Q , a cut must first be intro-
x 
duced to make the cross section of a box girder as shmvn in Fig. 
2 2 . (2 .1) • ,.deterrn~nate. 
v 
q = ...:t. Js 
o I 
X 0 
The shear flow in the cut section is 
E. 
(_..! d ) y E ti s 
r 
v Q 
y X 
I 
X 
(2. 2b) 
The compatibility condition requires that the longitudinal relative 
movement at the cut be zero, thus requiring a shear flow q1 . 
q
0 
ds 
§G. t. 
~ ~ 
§ ds 
G. t. 
~ ~ 
The resultant shear flow is q, 
q = qo + ql 
and the resultant shearing stress is 'T· 
'T = _g_ 
t. 
~ 
(2. 2c) 
(2. 2d) 
(2. 2e) 
Substituting Eqs. 2.2b~ 2.2c and 2.2d into Eq. 2.2e will result in 
Eq. 2. 2a, with 
Q ds §_..:,X:.._ 
G. t. 
~ ~ 
Qx = ~- § ds 
G. t. 
~ ~ 
(2. 2f) 
-10-
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In Eqs. 2.2, the symbols are: 
y = y-coordinate of a point considered, 
E. =Young's modulus of an individual element,. 
~ 
E = reference Young's modulus used in the cross-
r 
sectional transformation, 
t. = thickness of an individual element, 
~ 
~ = transformed statical moment of area of the cut 
section, about x-axis, at a point considered, 
G. = shear modulus of an individual element, 
~ 
~ = adjusted statical moment of area for the closed 
cross section, about x-axis, at a point considered, 
and 
§ = integral extending over the entire closed 
perimeter. 
If the shear modulus of reference material, G , is divided 
r 
through both the numerator and denominator of the fractional terms 
of Eq. 2.2f, the following equation will result. 
~= ~-f ds G. ~ G ti 
r 
-ll-
(2.2g) 
' 
G. 
~ The term, G t. in Eq. 2.2g can be considered as a thickness trans~ ~ 
r 
formation. 
r----____ 
Similar to the case of Eqs. 2.2, the shearing stress at a 
point in the cross. section due to a shear force V acting in the 
X 
x-direction is given by 
'f = ~ I t. (2.3a) y ~ 
and 
!Qy ds 
G. 
~ t. G ~ 
r 
Qy = ~-f Gi ds 
t. G ~ 
(2. 3b) 
r 
It is to be noted that the equivalent longitudinal modulus of 
elasticity of the deck, Et,(Section .2.2.1) should be used in the cal-
culation of the moments of.inertia and the statical moments of area 
in Eqs. 2.1, 2.2, and 2.3 because bending strains take place in the 
longitudinal direction. 
As mentioned previously, shear lag effect in the flanges must 
be considered in box girders with high flange width to span ratios. 
Under flexural loading, the flanges sustain in-plane shearing forces 
along the lines of connection with the webs. These in-plane shearing 
forces cause shearing deformations and result in nonuniform longi-
tudinal strains. This results in nonuniform stresses across the 
• -12-
.. 
widths of the flanges. This characteristic is termed as shear lag . 
To evaluate the effects of shear lag, the stress-strain relations of 
the deck and the bottom flange must first be formulated. 
2.2 Elastic Moduli and Stress-Strain Relationships of the Deck 
end the Bottom Flange 
Figure 2.3 shows reinforcing bars in a concrete deck and 
stiffeners on a steel bottom flange plate which contribute respec-
tively to the overall or equivalent elastic moduli of the deck and 
to the stress distribution in the bottom flange. By treating the 
deck and the bottom flange of a box girder as problems of plane 
stress elasticity, the stress-strain relationship for each of these 
structural components may be established. 
' 2.2.1 Reinforced Concrete Deck 
The elastic properties of the concrete deck may be evaluated 
. 1 h f . . 1 ( 2 • 2) F · ~n a manner ana ogous to t at o·r compos~te mater~a s . ~gure 
\ 
2.4 depicts the model used by Ekvall(2 · 3 , 2 •4) for a one-layer com-
posite, in which! is the thickness of the one-layer composite and 
df the fiber diameter. The matrix material is reinforced with uni~ 
directional, equally spaced round fibers which are securely bonded 
to the matr.ix. Both materials are assumed to obey Hooke's Law. 
The modulus of elasticity in the longitudinal (x1) direction is 
estimated by the classical law of mixtures. 
(2.4a) 
-13-
I 
a 
where 
E1 = longitudinal (x1-direction) modulus of 
elasticity of the one-layer composite, 
Af = ratio of the area of reinforcing fibers to the 
cross-sectional area of composite, 
Ef = Young's modulus of reinforcing fibers, 
A = ratio of the area of matrix to the cross-
m 
sectional area of composite, and 
E =Young's modulus of the matrix. 
m 
The Poisson's ratio of the composite is computed similarly. 
where 
v 12 =Poisson's ratio of the composite in the 
longitudinal (x1) direction due to stresses 
applied in the transverse (x2) direction, 
vf = Poisson's ratio of reinforcing fibers, and 
v = Poisson's ratio of the matrix. 
m 
It is to be noted that in Eqs. 2.4 Af + Am = 1. 
(2 .4b) 
The transverse modulus of elasticity and the shear modulus 
of elasticity are expressed in Refs. 2.2 and 2.3 in the form of sine 
function in~grals. · Execution of the integrations results in the 
following: 
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-1 tan 
(2 .Sa) 
/ 
\ 
where 
Gf Gm 
G 12 1 = _RH_G_m_+-=--:(-:-1=--R--:-)-G-f (2. 5b) 
E2 ' =transverse (x2-direction) modulus of elasticity of 
the one-layer composite with one-fiber diameter 
thick 
G '=shear modulus corresponding to E2 ', 12 
= Ef (1 
= R [E -
m 
R = the ratio of fiber diameter to fiber spacing 
(center-to-centeri in the transverse (x2) 
direction. 
H = 
a 
1 [.!! - 2 
b2 2 /b 
G 
m 
a2 = -G- ' 
f 
2 - a 2 
1+~ 
i.n J 1-~ 2 2 
Gf shear modulus of reinforcing fibers, and. 
G = shear modulus of the matrix. 
m 
Equations 2.4 and 2.5 are for one-layer composites with thick-
ness, t, equal to one fiber diameter, df (Fig. 2.4). If t is larger 
than df, Eqs. 2.4 remain the same for evaluating the longitudinal 
direction properties. In the transverse (x2) direction, the moduli 
are again estimated by applying the law of mixtures. 
-15-
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df t - df 
E2 = t E2 '+ E t m (2. 6a) 
and 
df t - df 
Gl2 = t Gl2 '+ G t m (2. 6b) 
After the evaluation of the four elastic constants, E1 , E2 , 
v 12 and G12 , the fifth, v21 , can be obtained by the orthotropic 
identity. 
(2. 7) 
The stress-strain relationship with respect to the principal 
axes x1 and x2 (Fig. 2.4) are as follows: 
a = = (2.8) 
0 0 
where fl. = 1 - v12 v21 . The orthotropic identity, Eq. 2. 7, has 
been used to make the stiffness matrix of Eq. 2.8 symmetrical. 
Practically all reinforcing bars in concrete decks are either 
parallel or perpendicular to the longitudinal (z) axis of the 
girder. Individual layers of reinforcing bars and concrete can 
be considered as unidirectional composites as shown in Fig. 2.5. 
For a layer with bars parallel to the z-axis, 
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a E/J\ E2vlzl A 0 E: z z 
a:: a = E2vlzl A E/A 0 E: (2. 9a) X X 
·o 0 yzx 
and for a layer with bars perpendicular to the z-axis, 
a EzlA E2vlzl A 0 z 
a:: ax = E2\)1zl A E/A 0 (2. 9b) 
'f 0 ·o Gl2 zx 
or in simple matrix form, 
{a) = [c] {E:) (2 .9c) 
with the stiffness matrix [c] described in Eqs. 2.9a and 2.9b. 
The elastic stresses of the total deck can be obtained by 
k 1 . (2.2,2.4) sta ing ana ys~s . 
{a) n ti [~] = ( I: [c). t) F-
i=l ~ c 
(2 .10) 
where a and E: are respectively the stresses and strains in the deck, 
[c]. the stress-strain relationship matrix of layer i, t. the thick-
~ ~ . 
ness of layer i, t the total deck thickness, and n the number of 
c 
layers. Inversely, the strains are obtained from the stresses, 
{ e:} 
-1 
n t.) 
= ( I: [c]. / [a) 
i=l ~ c 
(2.1la) 
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( 
• 
or simply 
[e:} = [s] {cr} (2 .llb) 
where 
-, 
e: 
z 
{e:} = E: 
X 
(2 .llc) 
yzx 
0' 
z 
[a} = 0" 
X 
(2 .lld) 
'f 
zx 
.and 
su 512 su 
[S] = 521 522 523 (2 .lle) 
531 532 533 
It is to be noted that the continuity condition requires that the 
strains in the individual layers be equal to the overall composite 
strains [e:}: 
[e}l = {e:}2 = .•• = [e;} (2 .12) 
The effect of the eccentricity of reinforcing bars in each layer has 
been neglected in the above derivations. 
The [S] matrix of Eq. 2.lle is symmetric, with s13 = s23 = 0. 
From this matrix, the equivalent elastic constants of the total 
deck plate are obtained. 
E 
z 
1 
= -- (2.13a) 
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1 1 E 822 X 
(2 .13b) 
G = 1 
zx 833 
(2.13c) 
812 
\) = -
zx su 
(2.13d) 
821 
\lxz = - 822 
(2. 13e) 
The stress-strain relationship for the total deck is expressed con-
ventionally. 
1 (az a ) =- - \) E zx X (2. 13f) 
z 
1 (a az) =- - \lxz E X (2 .13g) 
X 
(2.13h) 
2.2.2 Orthotropic Bottom Flange 
For the bottom flange plate which is orthotropically rein-
forced by stiffeners (Fig. 2.3), the stress-strain relationship is 
derived using the same procedures as those employed by Abdel-
S d
(2.5) 
aye • Two assumptions are made: (1) the shear forces are 
carried by the plate only; and (2) the stiffeners are considered as 
bar elements taking only axial forces. Hence, the stress-strain re-
lations for the stiffeners and the plate in the longitudinal (z) 
direction are simplified. 
(a ) = E s 
z r s z 
(2.14a) 
-19-
(2 .14b) 
where 
(d ) 
z r 
:;: longitudinal stress in the reinforcing 
stiffeners, 
(cr ) 
z p 
longitudinal stress in the plate, 
E :;: Young's modulus of elasticity of s.tee 1, and 
s 
\Is :;: Poisson's ratio of steel. 
The axial force in a stiffener is assumed to be smeared uniformly 
over the stiffener spacing, thus the equivalent longitudinal force 
per unit length of the flange plate is as shown in Fig. 2.6 and 
represented by 
tf (az)r E tf s N = E E: ( + ) + \) E: 
z s z 1 - 2 1 -
2 s X 
\) s \) 
(2.15a) 
s X s 
Similarly, 
tf (ax)r E tf s N = E E: ( + ) + \) E: 
X s X 2 s 1 - 2 
s z 
1 - \) z \) 
(2 .15b) 
s s 
and 
N :;: N G yzx tf zx xz s (2. 15c) 
where 
N =equivalent longitudinal~) force per unit length 
z 
of plate, 
N = equivalent transverse (x) force per unit length 
X 
of plate, 
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N 
zx 
shear force per unit length of plate, 
tf = thickness of plate, 
(a ) cross-sectional area of stiffeners in z-direction, 
z r 
(ax) = cross-sectional area of stiffeners in x-direction, r 
s = spacing of longitudinal stiffeners, 
X 
s spacing of transverse stiffeners, and 
z E 
G shear modulus of elasticity of steel, s 
s 2(1 + \) ). 
s 
Solving Eqs. 2.15 for the strains results in 
1 (a N - b3 Nx) (2.16a) e: = z 
Es(a3 b 2) 3 z c -3 3 
1 (c N - b3 Nz) (2.16b) e: = X 
Es(a3 b 2) 3 X c -3 3 
N 
zx (2.16c) yzx = G s tf 
in which 
tf (ax) r 
a3 = + (2.16d) 
1 -
2 s 
\) z 
s 
tf \) 
b3 
s (2.16e) = 2 1 - \) 
s 
tf (az)r 
c3 = + (2 .16£) 2 s 1 - \) X 
s 
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2.3 Differential Equations of Stress Function and Solutions 
With elastic stress-strain relations established, the dif-
ferential equations of plane stress elasticity can be formulated to 
solve for the shear lag in top deck and bottom flange. For a plane 
1 (F . 2 6) h "l"b . . (2.6) stress e ement ~g. • , t e equ~ ~ r~um equat~ons are · : 
(2.17a) 
(2.17b) 
and the compatibility equation is 
(2 .18) 
oz ox 
The stresses are related to the Airy'·s stress function by 
o2F 
CJ = --z ox2 
(2.19a) 
o2F 
CJ = --
X oz2 
(2 .19b) 
= -
o2F 
'f zx oz ox (2 .19c) 
Substitution of Eqs. 2.13 and 2.19 into 2.18 gives the differential 
equation of stress function for the concrete deck. 
(2.20a) 
where 
(2. 20b) 
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b (2.20c) 
(2.20d) 
If the deck is isotropically reinforced, then a c and b/a = 2, 
and Eq. 2.20a reduces to the conventional form. 
(2.21) 
For an orthotropic bottom flange, the forces per unit length 
(instead of the stresses) are related to the stress function by 
N c/F = --
z 
ox
2 (2.22a) 
N a
2F 
X = oz2 
(2. 22b) 
N = -
a2F 
zx oz ox 
(2.22c) 
By substituting Eqs. 2.16 and 2.22 into Eq. 2.18, the differential 
equation of the stress function for the bottom flange is obtained. 
(2.23a) 
in which 
(2.23b) 
q 
(1 + vs)(a3 c - b 
2) 
3 . 3 - b 
3 (2.23c) 
If the bottom flange has only longitudinal ribs, the (a ) 
x r 
terms in Eqs. 2.15b and 2.16d are equal to zero. If the bottom 
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flange consists of a plane isotropic plate, Eq. 2.23a will reduce to 
the conventional Eq. 2.21. 
The solution to the governing differential equations, Eqs. 2.20a, 
2 21 d 2 2 3 b d F • 1 • ( 2 • 7) . an . a can e expresse . as a our1.er s ser1.es • 
F 
CX) 
1 
2 
n=l Q'n. 
X sin Q' z 
n n 
(2. 24) 
where Q'n nTT t, n = an integer, Xn = a function of x only, and 
t = a characteristic length between two points along the girder span 
at which the moments are zero. For simple beams, t is the span 
length. 
By substituting Eq. 2.24 into Eq. 2.21 for an isotropic concrete 
deck, a linear ordinary differential equation in X is obtained, to 
n 
which the solution is expressed as 
X = A cosh Q' x + B sinh Q' x 
n · n n n n 
+ C x cosh 
n 
Q'n x + Dn x sinh 
For an orthotropic concrete deck, 
where 
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(2.25) 
(2 .26a) 
(2.26b) 
r = 2 
(b - j b2 - 4ac~ 1/2,. (b2 > 4ac) 
2a 
(2. 26c) 
The coefficients A , B , C and D are to be determined by the 
n n n n 
boundary conditions at the edges of the deck at proper values of x. 
Similarly, the solution for an isotropic bottom flange is: 
X E cosh an x + F sinh a x 
n n n n 
+ G x cosh a x + H x sinh a x 
n n n n 
(2. 27) 
For an orthotropic bottom flange: 
(2. 28a) 
where · 
g + J l I - pr. 1/2 <l > pr) r3 = ( p ) ' (2 .28b) 
(g - J 2 - pr)l/2, 2 
r4 = 
g (q > pr) p (2.28c) 
The integration constants E through H are again to be determined 
n n 
by the boundary conditions. 
2.4 Stresses in Flanges and Webs 
Because the solutions to the stress functions have been repre-
sented by the sine series, the external moment must be correspond• 
ingly expressed in the same series in order to obtain the stresses 
in the flanges and webs. Between two points of zero moment on a 
-25- . 
beam or box girder, the moment can be expressed by the following 
equation: 
2: Mn sin an z M = 
x n=l 
(2.29a) 
nTT 
where an = )f• and i is the length between two adjacent points of 
inflection or points of zero moment. 
For a simple beam subjected to a concentrated load as sho\vn 
in Fig. 2.7a, 
M 
n 
= .;::.2-::-"P:....:;.:~'-:-
2 2 
n TT 
sin a n TT n = 1, 2, 3, ••• (2.29b) 
and for a simple beam subjected to uniform load throughout the span 
(Fig. 2. 7b), 
M 
n 
n = 1, 3, 5, ••• (2.29c) 
For continuous girders, the origin of the z-coordinate is always 
selected at a point where the moment is zero. The length of the half 
period, ~' is terminated at an adjacent point where the moment is 
also zero. To evaluate the stresses, the following general assump-
tions are made. 
(a) The box girder and loading are symmetrical about 
the centroidal, principal y-axis. 
(b) The thickness of the concrete deck and the bottom 
flange is small compared with the box girder depth. Thus 
the bending stiffness of the flanges may be neglected, and 
the flanges are treated as plane stress problems as done 
in Sections 2.2 and 2.3. 
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( 
• 
(c) The ordinary beam theory of bending is applicable 
to webs with depth-to-span ratio less than 1/4(2 •8). 
(d) The existence of diaphragms is ignored in computing 
the flange stresses and the equivalent widths, which are not 
sensitive to the diaphragm rigidity nor greatly affected by 
. h (2.8) the presence of d~ap ragms . 
(e) Complete interaction develops between the concrete 
deck and. the steel portion. 
In addition, the following boundary conditions and strain 
compatibilities are adopted: 
(a) The longitudinal normal stresses and equivalent 
forces are equal at the web to neck and web to bottom flange 
junctions due to symmetry of load and cross section. 
= (cr ) 
Z·X =- b /2 (2. 30a) 
c 
and 
(2. 30b) 
(b) The shearing stresses in the deck and the shearing 
forces in the bottom flange are zero at the vertical axis of 
symmetry. 
= 0 0 
0 = 0 
(2. 30c) 
(2. 30d) 
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(c) The transverse displacement of the deck, u, is 
assumed to be zero at the deck-to-web junctions. 
(u)x = + b /2 = 0 (2.3la) 
c 
and and 
u = Je:x dx (2.3lb) 
(d) The in-plane transverse normal stresses are assumed 
to be zero at the bottom flange-to-web junctions by 
neglecting the small protruding lips of the bottom flange as 
shown in Fig. 2.8. 
(2.3lc) 
(e) The normal stresses in the transverse direction and 
the in-plane shearing stresses are zero at the edges of the 
deck. 
(2 .32a) 
('f ) -- = 0 
ZX X = + W /2 (2.32b) 
- c 
(f) For simplicity, the small protruding portions of 
the bottom flange outside the webs are assumed fully effec-
tive as shown in Fig. 2.9. That is, the distribution of 
longitudinal forces (N ) is uniform throughout these portions 
z 
(Fig. 2 .8). 
(g) The longitudinal strains of the flanges and the webs 
are equal at their junctions. 
By using the above conditions and formulating the equilibrium 
of external acri ~nternal bending moments, the coefficients A to H 
n n 
of Eqs. 2.25 to 2.28 can be determined. The solution of these 
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coefficients and the subsequent substitution into the equations 
for stresses are given in Appendix A. The resulting distribution 
of longitudinal stresses in a cross section is sketched in Fig. 2.9. 
The normal stresses are highest at the flange-to-web junctions, and 
are lower in other parts of the flanges as the result of the shear 
lag effect. 
In practical application, an equivalent width of a flange is 
often used within which the normal stress is assumed to be uniform 
and equal to the maximum normal stress at the flange-to-web 
junction (Fig. 2.9). The total resulting force in the equivalent 
width is equal to the computed stress resultant in the flange 
(Z or Z in Fig. 2.8). The equivalent widths of the concrete deck 
c s 
and the bottom flange are listed in ~ppendix A. 
2.5 Results and Comparisons 
In order to examine the effects of deck reinforcement and of 
deck orthotropic characteristics on the stresses, an arbitrary box 
girder with low concrete strength and different deck reinforcement 
arrangements is considered. The details of the box girder are shown 
in Fig. 2.10. · The girder span to box width ratio is equal to 4. 
The elastic constants are: 
Concrete deck: 
f 1 = 17.25 MN/m2 (2.5 ksi) 
c 
'Vc = 0.17 
E = 19,880 HN/m2 (2881 ksi) 
c 
G = 
c 
8496 "t:-fN/m2 (1231 ksi) 
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Reinforcing bars and steel plates: 
\)f = \) 0.3 s 
Ef E 203,550 MN/m 
2 (29,500 ksi) = = 
s 
G = G f s 78,315 MN/m
2 (11,350 ksi) 
Orthotropic Deck (computed for reinforcement 8/4- 4/4): 
G 
\) 
\) 
E 29,223 MN/m2 ((~ksi) ~ 
z 
E = 23,425 ~m/m2 (3395 ksi) 
X 
2 
= 9,194 ~m/m (1332 ksi) 
zx 
0.1635, Af /A = 4.91% zx z c 
= 0.1311, Afx/Ac 1.23% xz 
The results of the stress computations for orthotropic 8/4 -
4/4 deck are sketched in Fig. 2.11 and listed in Table 2.1. Also 
listed in the table are the results for two other cases of the same 
box girder geometry: one with deck reinforcing bars rotated 90 
degrees so that less reinforcement is in the longitudinal (z) direc-
tion (orthotropic 4/4- 8/4 deck), and the other with no reinforce-
ment at all (plain 0-0 deck). 
The decrease in deck longitudinal reinforcemen~ leads to a 
reduction in longitudinal in-plane stiffness of the deck, hence to a 
decrease of cr in the gross deck as listed in Table 2.1. However, 
z 
the longitudinal stresses in the concrete itself increase with the 
decrease in the reinforcement. The maximum stress cr in the con-
z 
crete increases 22% from orthotropic 8/4 - 4/4 deck to plain 0-0 
deck. 
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\ 
The influence of the deck properties on the longitudinal 
stresses in the bottom flange is indirect. These stresses are in-
fluenced by the magnitude of the moment of inertia, I , and the 
. X 
position of the neutral axis. The decrease in reinforcement, from 
a steel ratio of 4.91% to 1.23% to zero, causes only a very small 
(1%) increase in the maximum longitudinal stress in the bottom flange. 
For all three cases shown in Table 2.1, the effect of shear 
lag on the longitudinal stresses is quite prominent, regardless of 
reinforcement arrangement, as indicated by the maximum-to-average 
stress ratio as well as by the longitudinal normal stress distri-
bution as shown in Fig. 2.lla. 
By considering the above results, a plain concrete deck 
alone can, with due consideration of· the shear lag effects; be used 
for normal stress compuations for practical purposes. 
The shear stress distribution is shown in Fig. 2.llb. Values 
computed by considering orthotropic characteristics and by con-
sidering a plain concrete deck with either a shear lag analysis or 
ordinary beam theory are all very close to each other. Therefore, 
for practical purposes, a plain concrete deck can be assumed and 
shearing stress computations can be carried out using only ordinary 
beam theory. 
To examine shear lag effects further, some experimental re-
sults on aluminum beams by Tate(2 .lO) are compared with the stresses 
computed by the theory presented herein. The dimensions of the alu-. 
minum alloy beams are sho\vn in Fig. 2.12. The elastic constants are: 
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E 73,140 MN/m2 (10,600 ksi) 
G 27,500 MN/m2 (3,985 ksi) 
\) = 0.33 
Since Tate assumed no transverse displacement at the flange to web 
junctions, as is assumed in this study for the top flange, the ex-
perimental results are compared with the computed top flange stresses 
as shown in Fig. 2.13. Good agreement between the experimental 
(dots) and computed stresses (solid lines) is evident. The computed 
bottom flange stresses are about 5 to 6% lm-1er than those computed 
for the top flanges. 
The use of an equivalent flange width to circumvent a cum-
bersome shear lag anaiysis has been a design practice. Equivalent 
width charts are usually plotted as a function of the span to actual 
h . (2.9,2.11) widt rat~o . MOffatt and Dowling( 2.l2) used rectangular 
third order extensional-flexural finite elements(l.l4 , 2 • 13) to obtain 
the equivalent widths. Cross section 4 as shown in Fig. 2.14 was 
examined. The results from their computation and from this study are 
compared in Fig. 2.15. Good agreement is observed, even in the 
region of 1.,/bf < 2 (hw/i > 1/4) where ordinary beam theory is con-
sidered not applicable to the webs, but is still used in developing 
the curves. 
In addition to the span-to-width ratio and the loading con-
ditions, the material and geometrical properties of a cross section 
also affect the equivalent width. Hildrebrand and Reissner(2 .ll) 
used the least work method to investigate the box beams and 
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concluded that the amount of shear lag depends on the G/E ratio and 
the stiffness parameter m = (31 +I )/(I +I), where I and I 
w s ~v s w s 
are moments of inertia of webs and of flange sheets, respectively, 
about the neutral axis of the box beam. The m parameter is a measure 
of the stiffness of webs relative to that of flanges. Its value lies 
between 1 for zero web areas, and 3 for zero flange areas. The 
equivalent widths of Tate's specimen B2, meeting the conditions 
m = 2 and G/E = 3/8 used in developing the curves by Hildebrand and 
Reissner, are computed by this study. The two results are compared 
in Fig. 2.16. Again, good agreement is observed. 
It is to be noted that the computed equivalent widths of the 
bottom flange, instead of the top flange, are used in Fig. 2.15 for 
comparison. Since the webs of the cross section are relatively 
thinner as compared to the flanges, the transverse displacement at 
the web-to-flange junctions is considered as completely free, as is 
assumed in this study for the bottom flange. For the top flange 
where no transverse displacement at the web-to-flange junctions is 
assumed, the computed equivalent widths are only slightly greater, 
with a maximum difference less than 3% from the bottom flange values. 
In Fig. 2.16, for Tate's specimen B2, the equivalent width of the 
top flange are plotted because the webs are relatively more stocky 
and the assumption of no transverse displacement at the web-to-flange 
junctions appears to be more applicable. The equivalent widths of 
the bottom flange, ho~vever, are only 0.5% smaller than those for the 
top flange. 
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· 2 15 d 2 16 h w· ' <2 · 9) h" h F~gures . an . s OH ~nter s curve \v ~c accounts 
for the influence of the material constants (G/E), but not the geo-
metrical properties (m) of a cross section. The m values of the 
cross sections in Figs. 2.15 and 2.16 are 1.15 and 2.0, respectively, 
indicating that the latter cross section has relatively heavier webs. 
From both figures, it can be concluded that a cross section with 
heavier webs relative to the flanges has greater flange equivalent 
widths, as it should be. 
The equivalent widths of composite box girders with projecting 
deck portions are computed for a 3810mm x 2540mm (150 in. x 100 in.) 
box section with the web slenderness ratio equal to 200 and the 
bottom flange width to thickness ratio of 150. Table 2. 2 lists the 
equivalent width ratios for this cross section with deck projecting 
widths w /b = 3.0 and 2.2. The latter ratio is the maximum allowed 
c c 
by AASHT0( 2 · 14). In both cases, the effects of span-to-actual width 
ratio is predominant. 
The influence of deck projecting widths on the equivalent widths 
of the box flanges is examined in Fig. 2.17, in which the equivalent 
widths are plotted as a function of the projecting widths. The near-
horizontal lines show that the influence is minor. The equivalent 
widths of the projecting deck itself, on the other hand, decreases 
with the increase of projecting width, as is listed in Table 2.2. 
Most of the studies on shear lag are concerned with noncomposite 
stiffened or unstiffened box sections without projecting top 
fl (2.9,2.10,2.11,2.15) w;th ange , or concerned ~ !-girders with 
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• 
orthotropic steel decks( 2 .S). This study provides a procedure to 
evaluate the shear lag effects on composite box sections with pro-
jecting deck portions. Although for the sample composite box girders 
of this study the orthotropic characteristics of the concrete deck 
were found insignificant. The influence of these characteristics 
may be important for other structures such as box and TI sections 
with metal-formed composite deck. These structures can be analyzed 
by using the equations developed in this chapter . 
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3. TORSIONAL ANALYSIS 
3.1 Torsional Sectional Properties of Single-celled Box 
The mathematical expressions of thin-walled elastic beam 
theories for evaluating the torsional sectional properties of homo-
geneous and composite open cross sections have been developed and 
f . d b . t• t (1.9,3.1,3.2,3.3,3.4,3.5,3.6) For veri ~e · y many ~nves ~ga ors • 
closed cross sections composed of single material, methods for 
evaluation were developed by Benscoter<3 • 7) and Dabrowski<3 •3). For 
composi.te, closed sections the evaluation of the St. Venant (uniform) 
torsional constant was treated by Kol~brunner and Basler(3.l). The 
non-uniform torsion of composite closed sections is considered here. 
The following fundamental assumptions are made: 
1. The component parts of the cross-section are thin-walled 
and can be treated as membranes. 
2. The cross-sectional shape is preserved by sufficiently 
spaced rigid diaphragms which are free to warp out of their plane. 
3. The box girder is prismatic. The thickness of the component 
elements may vary along the profile of a cross section, but not along 
the length of the girder. 
4. The materials forming the cross section satisfy Hooke's 
law. The longitudinal normal stresses will be evaluated disregarding 
the Poisson's effect( 1"9 ' 3"1 ' 3 · 2 ' 3 "3). 
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5. The connection between one material and another is mono-
lithic so that no slippage or separation will occur. 
Figure 3.1 shows a thin-walled composite closed cross section. 
From the uniform torsion analysis, the shear deformation in the 
m4 ddle f d t St. Venant t · · · b <3 · 3 •3 · 7) ~ sur ace ue o ors~on ~s g~ven y 
where 
ou 
Y = ow+ __ s = i OS oz 
qsv 
G. t. 
~ ~ 
y. = shear strain of an individual material, 
~ 
w = displacement in the axial z-direction, 
u = displacement in the tangential direction, 
s 
qsv = St. Venant shear flow, 
(3.1) 
G. = elastic shear modulus of an individual material, and 
~ 
t. = thickness of an individual material. 
~ 
For small angle of rotation and on the basis of the assumption that 
cross sections maintain their shape, the quantity au /o in Eq. 3.1 
s z 
is equal to p
0 
~·, in which p
0 
is the distance from the shear center 
to contour tangent and ~· the angle of twist per unit length. After 
substitution of ou /o , the axial displacement w can be obtained 
s z 
by integrating Eq. 3.1 with respect to s. 
w = w 
0 
s 
+J 
0 
qsv 
ds - ~' G. t. 
1 1 
p ds 
0 
(3.2) 
in which w is the longitudinal displacement at s = 0. The first 
0 
integral in Eq. 3.2 applies only to the cell walls but not to the 
open projecting parts of a cross section as shown in Fig. 3.2. 
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Integrating Eq. 3.2 around the closed perimeter gives rise to 
the relationship 
qsv 1 ~ ds - 0 ~ p ds = 0 J' G. t. J' o (3. 3) 
~ ~ 
b 1 ft .. (3.1, 3.3) From mem rane ana ogy o ors~on 
(3.4) 
in which ~ is the section torque and A the enclosed area of the 
I 
closed part. The rate of twist, 0 , can be expressed as 
01 = (3.5) 
where G is the elastic shear modulus of the reference material and 
r 
KT the St. Venant torsional constant •. The second integral expression 
in Eq. 3.3 can be represented by 
(3. 6) 
Substituting Eqs. 3.4, 3.5 and 3.6 into Eq. 3.3 and solving for KT 
results in 
4 A 2 K = __ __..::::o __ 
T § ds 
G. 
~ 
G ti 
r 
(3. 7) 
G. 
~ The term C: ti in Eq. 3.7 can be considered as a transformed thick-
r 
ness. 
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I 
\ 
I 
By expressing qsv in terms of 0 through the combination of 
Eqs. 3.4 and 3.5 and substituting it into Eq. 3.2, the following 
expression for warping displacement is obtained. 
I 
w = w -0 w 
0 0 
(3.8a) 
in which 
s 2 A s ds J 0 J wo = Po ds - §£§_ G. 0 0 1. G. cti 1. 
cti r 
(3.8b) 
r 
is called the double sectorial area or the unit· warping function with 
respect to the shear center of the cross section. To evaluate w
0 
at points in a closed cross section with open components (Fig. 3.2), 
one can first procee.d around the closed perimeter to find the 
values for points on the perimeter by using Eq. 3.8b. This can be 
executed by assuming the unit warping to be zero at an arbitrary 
point of origin of integration (for example, point 1 in Fig. 3.2). 
The w value for a point on the open projecting part can be obtained 
0 
by performing the integration, J p ds, starting from the junctionof 0 . 
the open projecting element .with the closed perimeter, where the w 
0 
value has been found, to the point in question. Values of w
0 
are 
dependent on the path of integration. 
When the warping displacement is constrained, then normal and 
corresponding shearing stresses are created in addition to the uni-
form torsional shear flow. If PoissonJs effect is ignored (assumption 
4), the warping normal stress is represented by 
C! 
w 
ow 
= Ei • oz 
I II 
= E. (w - 0 
1. 0 
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(3.9) 
The total normal force due to ,.,arping on a cross section can be ob-
tained by sum11ing the Harping normal stresses o:ver the entire cross 
sectional area, A, and this is equal to zero. 
N = J a t ds = 0 A w (3.10) 
From Eqs. 3.9 and 3.10, a is deduced. 
w 
II 
a = E. 0 w 
w ~ n 
(3.1la) 
where 
1 J dA*-w = w wo n A* A 0 (3.1lb) 
is defined as normalized unit warping with respect to the shear 
center, and 
E. 
A* = J dA* = J ~ t ds 
A A Er 
(3.1lc) 
is the transformed area of the section. The values of normalized 
unit warping, w , are independent of the integration path and re-
n 
present the warping distribution in a cross section. 
In addition to the St. Venant torsional shear, the effect of 
warping torsional shear on the warping displacement can be also taken 
into consideration. Benscoter(3 • 7) assumed that the distribution of 
warping displacement in a section is still akin to w which is 
n 
deduced from considering only the St. Venant torsional shear. 
For the span-wise distribution, a w·arping function f(z) is 
introduced. The warping displacement is expressed as 
I 
w = f 
-40-
(3. 12) 
The warping normal stress is obtained by 
cr = E. w' = E. f" w 
w ~ ~ n 
The bimoment is defined as 
B JA cr w dA w n 
Substitution of Eq. 3.13 into 3.14 results in 
where 
B = E f" L 
r w 
2 
I- = J w dA* 
w A n 
is called the warping moment of inertia. 
(3.13) 
(3.14) 
(3.15a) 
(3.15b) 
The equilibrium of the longitudinal forces on a differential 
element (Fig. 3.1) requires that 
··ocr 
~ 
oz t+ 2..9.=0 OS (3.16) 
where q = total shear flow, including both St. Venant and warping 
shears. Substituting Eq. 3.13 into 3.16 and performing integration 
leads to the expression for the shear flow. 
q = q - E . s - f" I 
0 ~ w (3.17a) 
in which 
(3.17b) 
The sum of moment of shear flow about the shear center over the 
cross section is the section torque: 
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p ds 
0 
(3.18a) 
from Hhich the integration constant, q , can be determined: 
0 
On substitution of Eq. 3.18b into 3.17a, it is obtained 
~ q = _2_A_ 
0 
-
- E. s-
1 w 
in which S--
W 
is the 'varping statical moment, 
s-
w = 
s-
UJ 
1 
2 A 
0 
(3.18b) 
. (3.19a) 
(3.19b) 
The distribution of S- and of w on a cross section is dependent w n 
on the dimensions of component parts. A typical distribution of . 
each is shown in Fig. 3.3. The total shear flow expressed 
in Eq. 3. 19a comprises two parts. The primary or St. Venant shear 
flow 
=_l 
2 A 
0 
(3.20a) 
has been given by Eq. 3.4 and occurs only in the closed part of a 
box section. The secondary shear flow 
E S f ll I a = - . -
\Y 1 w. 
(3.20b) 
is induced by the warping· torsion and is in self-equilibrium. 
Equation 3.20b can be used to evaluate the secondary shear flow in 
any part of the cross section. 
The St. Venant shearing stress in the open projecting parts 
of a cross section (Fig. 3.2) can be approximated by 
~ 
=-
G. 
1 
K • G 
T r 
t. 
1 
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(3. 21) 
with KT value computed from Eq. 3.7. This shearing stress varies 
linearly across the thickness of the projecting parts. For the walls 
of the closed perimeter, ~T is added algebraically to the shear from 
Eq. 3.20a to form the total St. Venant shearing stress. 
T = 
sv 
G. 
~ 
G ti 
r 
(3.22) 
For composite steel-concrete box girders, the concrete deck is much 
thicker than the steel plates and has much lower allowable shearing 
h f h "d . f b f . <3 - 1) stress, t ere ore t e cons~ erat~on o ~T may e o ~mportance • 
From Eqs. 3.8b, 3.llb and 3.13, it can be deduced that for a 
section consisting of straight plate elements with constant thickness 
along the s-direction, the cr distribution is linear along the plate 
w 
profile. This implies that the warping stresses are evaluated by the 
Navier hypothesis. Unlike the shear lag in the flanges of a cross 
section under bending moment, the warping stresses are in effect 
resisted by the plate inplane bending. Thus, as long as the width 
to length ratio of the component plates is small (less than 1/2 
. by Ref. 3.8 or 1/4 as suggested in Ref. 2.8) the assumption of 
linear distribution of warping normal stresses is applicable. 
3.2 Location of Twisting Center 
The location of the shear or twisting center is essential 
for the evaluation of section properties and torsional rotations. 
As depicted in Fig. 3.4, the relationship between p and p
0 
is 
~· 
X 
o ds (3.23) 
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where p is the distance from the centroid of the cross section to the 
tangent to a point P in question. Integrating Eq. 3.23 from an ar-
bitrary origin 0 to point P on the perimeter, 
s s J p 0 ds = 0 J p ds + y x - y 0 0 0 X -1 (3.24) 
and substituting into Eq. 3.8b gives 
(3.25a) 
where 
s 
w=J 
0 
2 A s 
o J ds p d s - _ ____;;;....___ 
§ ds G. 0 ~ 
G. G ti G~ ti r 
(3.25b) 
r 
.is defined as double sectorial area or unit warping with respect to 
the centroid. 
By substituting Eq. 3.25a into 3.llb and noting that x- and 
y- axes are centroidal, but may not be principal axes, it is 
obtained 
1 J -W = - W dA* - W - y X + X y n A* o o A (3.26) 
The w values can be calculated by either Eq. 3.13b or Eq. 3.26. The 
n 
moments about x- and y- axes produced by the warping normal stresses 
are zero, or 
M = J CJ y t ds = 0 
X A w 
(3.27a) 
and 
M = J CJ x t ds 0 y A w (3.27b) 
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Equations 3.13a, 3.26, 3.27a and 3.27b are combined to give 
where 
Eqs. 
X I 
- Yo I ::::: I_ 0 X xy wy 
X I - y I ::::: I-
0 xy 0 y wx 
I 
X 
:::::I y2 dA*, the moment of inertia about x-axis, 
A 
J X2 I ::::: dA*, the moment of inertia about y-axis, y A 
I ::::: 
xy J xy A dA*, the product moment of inertia, 
I- =·I UJ'X dA* the warping product of inertia, wx ' A 
and 
I- = J WY dA* the warping product of inertia. wy ' 
The location of torsion center is obtained by solving 
3.28a and 3.28b. 
I I-
-
I I-
X = 
y wy xy ~ 
0 I I I 2 
-X y xy 
I I- - I I-
yo= -
x wx xy wy 
I I '- I 2 
x y xy 
3.3 Differential Equations and Solutions 
(3.28a) 
(3. 28b) 
(3.28c) 
(3. 28d) 
(3.28e) 
(3.28£) 
(3.28g) 
(3.29a) 
(3. 29b) 
The differential equations of torsion have been derived 
by Benscoter(J.?) and Dabrowski(J. 3). Benscoter used Galerkin's 
method to solve the differential equation of displacements and 
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developed the differential equations relating the spanwise warping 
displacements and the angle of rotation to the applied torsional 
load. Dabrowski obtained the same equations by enforcing the shear 
flow obtained from the equilibrium condition (Eqs. 3.18 and 3.19) 
to satisfy the connectivity requirement of the closed perimeter, and 
by enforcing the shear flow obtained from the displacement relation-
ships (Eqs. 3.1 and 3.12) to satisfy the equilibrium condition. The 
differential equations are as follows: 
E I- f" I - G K 0' = --- M 
r w r T T 
0' = J.l. f' + ~ G I 
r c 
in which the coefficient 
(3.30a) 
(3.30b) 
(3. 30c) 
is called the warping shear parameter by Dabrowski(3 •3) and is a 
(3. 7) 
measure of cross-sectional slenderness • For a very thin 
section J.l. approaches unity. For a fairly thick section it lies 
in the neighborhood of one half~ And 
is the central second moment of area, or central moment of inertia. 
The·rate of the angle of tHist, 0', can be eliminated from Eqs. 
3.30a and 3.30b to obtain a differential equation in terms of 
warping function f only. 
(3.31) 
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Equations 3.30b and 3.31 are applicable to longitudinal segments of a 
girder subjected to concentrated torsional load as sho~vn in Fig. 
3.5. The solutions to ~ and f are 
f 
where 
A. = ~~ E 
r 
MT z 
t..z + c3 sinh A.z + G K 
r T 
(3.32a) 
(3.32b) 
(3.32c) 
Differentiating Eqs. 3.30b and 3.31 with respect to z results in the 
following equations for girder segments subjected to distributed 
torsional load m (Fig. 3.5). 
z 
m 
0" ~ f" z = G I 
r c 
E r- fiv _ ~ Gr KT r w 
(3.33a) 
f" = ~ m z (3.33b) 
The particular solutions to Eqs. 3.33 depend on the loading pattern 
of mz. For uniformly distributed twisting moment mt, the solutions 
are 
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m t z2 
A.z).- 2G K 
r T 
(3.34a) 
(3.34b) 
The coefficients in Eqs. 3.32 and 3.34 are determined from the 
boundary conditions. At the fixed end the rotation and the warping 
displacement (Eq. 3.12) are completely restrained, 
0 = 0 (3.35a) 
and 
f' = 0 (3.35b). 
At simply supported and free ends the warping is entirely free. 
Thus the warping normal stress is zero, and from Eq. 3.13 
f 11 = 0 (3.36). 
The angle of rotation is assumed to be completely restrained at a 
simple support (Eq. 3.3Sa). At the interior support of a continu-
ous member or at a location where the applied torsional moment 
changes, the continuity conditions between the left and the right 
require 
0L = 0R (3.37a) 
I I 
f = L fR (3.37b) 
II II 
f = L fR (3.37c} 
As examples of solution, four different cases of loading 
and boundary conditions as shown in Fig. 3.5 are solved and the 
results listed in Appendix B. In all four cases, the rotation of 
beam section, the second derivative of longitudinal warping 
function, f 11 , and the section torque are given. The warping tor-
sional shear flow can be obtained by taking differentiation of f 11 
-48-
and using Eq. 3.20b. Illustrative plots of section torque, rotation 
0, f" and f"' are shown in Fig. 3.6. Plots of this kind covering 
frequently encountered A values of composite box girders will facil-
itate the design procedures. 
3.4 Results and Comparisons 
Test results from two model composite box girders< 3 •9) are 
compared with computed values to examine the effectiveness of the 
thin-walled torsional theory as applied to the composite closed 
sections. The details of the girders are shown in Figs. 3.7 and 
3.8. The loads were applied vertically (upward and dm;mward) at 
diaphragms and combined into a theoretically pure torsional load 
without longitudinal bending. 
The experimental shearing stresses to be discussed herein 
are computed from measured strains. The shearing stresses in the 
middle of webs and of bottom flanges are identified in Fig. 3.9 by 
symbols. For the webs, the test results agree very well with the 
computed values (by Eq. 3.19a). In the bottom flanges, however, the 
computed shearing stresses are higher than the experimental values. 
In Fig. 3.10, the measured rotations of the overhanging ends are 
compared with the calculated results (by Eqs. B.la and B.2d) The 
computations underestimate the rotations slightly. This could be 
partially due to the calculation of rotations from the measured 
vertical and horizontal deflections<3•9). An examination of the 
effects of cross-sectional distortion is made in Chapter 4. 
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Overall, the proposed procedures estimate the stresses and 
rotations with sufficient accuracy. The experimental results con-
firm the validity of the extension of thin-walled torsional theory 
to the composite closed sections. 
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4. DISTDRTIONAL STRESSES 
The thin-walled elastic beam theory as utilized in the last 
chapter assumes no cross-sectional deformation. In actual box girders 
only a limited number of interior diaphragms are provided to help 
maintain the cross-sectional shape. Thus, distortion of cross section 
may occur, particularly between diaphragms, under the distortional 
load components as shown in Fig. 1.2. Figure 4.1 depicts the cross-
sectional distortion. Distortion induces, in the component plates of 
the box, transverse bending moments as shown in Fig. 4.2 and longi-
tudinal in-plane bending as depicted in Fig. 4.3, which causes 
warping of the cross section. 
There exist many methods of analyzing distortional stresses 
of box sections. The similarity of the governing differential 
equation of a single-celled box section to that of a beam on elastic 
. 1 (1. 9) Th b foundat~on was noted by V asov . e earn-on-elastic-foundation 
(BEF) analogy was later developed by Wright, Abdel-Samad and 
Rb . (l.l2) Th .d h h 1 . o ~nson • ey cons~ er t at t e tota res~stance to an ap-
plied torsional load is given by the sum of the box section frame 
action and the longitudinal warping action •. Dabrowski(J.J) also 
arrived at the BEF analogy for the analysis of cross-sectional dis-
tortion of curved box girders. A displacement method which neglected 
the frame action of the box was employed by Dalton and Richmond(4 .l). 
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The transfer matrix method applied to folded-plate theory was 
1 b k . d Ok. (4 · 2) deve oped y Sa a~ an umura . A finite element procedure 
using extensional-flexural elements was developed for box girder 
1 . b L" d M ff (1.14,2.13) ana ys~s y ~m an o at . The results are reported in 
Ref. 4~3. 
The purpose of this chapter is to reiterate some of the 
results obtained on distortional analyses. 
Two factors, the number and the rigidity of interior dia-
phragms, influence the distortion of a box section. It has been 
shown<4 •3) that, on the basis of weight, plate diaphragms are the 
most efficient in reducing distortional stresses. It has also been 
h <4 · 2> h 1 . 1 h 1 b d s own t at re at~ve y t in p ates may e considere rigid as 
long as no yielding or buckling takes place. For box girders with 
rigid diaphragms, distortional stresses are minimal if loads are 
applied at diaphragms, and comparatively large if loads are located 
between diaphragms( 1 •12 •4 •2). 
To examine the effects of the spacing of rigid diaphragms in 
a simply supported box girder, a vertical, concentrated load which is 
eccentric to the shear center may be applied at various locations 
along the span of the girder. The maximum total normal stress (sum 
of the flexural, torsional and distortional parts) occurs at the 
cross section under the load. The stress versus load location plots 
thus are the stress envelopes. By comparing the stress envelopes of 
box girders having different numbers of equally spaced interior 
diaphragms, the effects of diaphragm spacing can be examined. 
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Two rectangular cross sections examined for distortion are as 
shown in Fig. 4.4. Normal stress envelopes for these two cross 
sections have been computed(4 · 4) by a plane stress finite element 
. (4.5) procedure and are plotted in Figs. 4.5 and 4.6. The elastic 
moduli of steel and concrete are 200,100 MN/m2 (29,000 ksi) and 
25,530 MN/m2 (3700 ksi), and the Poisson's ratios are 0.3 and 0.15, 
respectively. For each box girder, rigid diaphragms spaced at L/2, 
L/4, and L/6 are considered, with end diaphragms always present at 
the supports of the 36,576 mm (1440 in.) span. 
Figure 4.5 is for the box section with a width-to-depth 
ratio of 2.0. Straight lines connecting the solid geometrical symbols 
are the normal stress envelopes, obtained using plane stress finite 
elements, for the bottom flange-to-web junction under the load 
(point 3). The solid curve gives the longitudinal stresses for the 
same point computed by thin-walled elastic beam theory considering 
flexure and torsion, but not distortion. The distance between the 
straight line envelopes and the solid curve are the normal stresses 
corresponding to cross-sectional distortion. For comparison, the 
distortional warping normal stresses at the mid-distances between tlvo 
adjacent diaphragms are computed by the BEF analogy and are added to 
the thin-walled elastic beam theory values. The total normal 
stresses are plotted using open geometrical symbols in Fig. 4.5. 
These normal stresses compare very well with those of the envelopes 
obtained by the finite element procedure. 
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Figure 4.6 shows similar stress envelopes for the box 
section with a width-to-depth ratio of l/2. Again, the total normal 
stresses from the two procedures compare well. This indicates that 
the classical thin-walled elastic beam theory plus the BEF analogy 
can be utilized for the evaluation of total stresses in the box 
girders. 
From Figs. 4.5 and 4.6 it can be concluded that, regardless 
of the diaphragm spacing, when loads are applied at a diaphragm, the 
distortional stresses are very small. The envelopes of total 
stresses are practically in contact with the solid curve obtained by 
thin-walled elastic beam theory. Therefore, distortion of cross-
section need not be considered when loads are applied at rigid 
diaphragms. On the other hand, distortional stresses may be quite 
high when loads are applied between diaphragms, as indicated by the 
distance between the finite element stress envelopes and the solid 
curves. These conclusions further confirm the characteristics 
b .h (1.12,4.2) pointed out y ot ers • 
For both box girders shown in Figs. 4.5 and 4.6, the dis-
tortional stresses are reduced as the number of diaphragms is in-
creased. Theoretically, these stresses can be reduced to negligible 
values if more diaphragms are used, resulting in the solid curve 
obtained by the thin-walled beam theory for point 3. However, for 
these two box sections with no distortion, the highest normal stress 
due to flexure and torsional warping occurs at point 4, the bottom 
flange-to-web junction opposite from the concentrated load. This 
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stress is determined by the box girder geometry and can not be reduced 
without changing the cross section dimensions. The magnitudes of the 
normal stress at point 4 along the half span are plotted in Figs. 4.5 
and 4.6 as dashed curves. The distance between the solid and the 
dashed curves equals twice the magnitude of the torsional warping 
normal stresses, and represents the influence of warping torsion on 
the stresses at the two corners of the bottom flange. 
Since the total normal stress, including distortional 
effects, at point 3 can be reduced by adding diaphragms, it is sug-
gested herein that the interior diaphragms be spaced such that the 
maximum total normal stress at point 3 at mid-distance between dia-
phragms is equal to or smaller than the inherent, unreducible maximum 
normal stress at point 4 at midspan where a diaphragm exists. In 
this case, the maximum normal stress for design is that at midspan as 
computed using thin-walled elastic beam theory. 
How the torsional and distortional warping normal stresses 
relate to each other depends on the geometrical shape and dimensions 
of the box section. In Fig. 4.5, the maximum total normal stress 
including distortional effects for diaphragms spaced at L/8 (open 
square) is still higher than the maximum normal stress obtained by 
the thin-walled beam theory for point 4 at midsp~n. For the box 
girder of Fig. 4.6, a diaphragm spacing of L/6 brings the two maxi-
mum normal stresses to about the same level. 
To examine further the effects of cross-sectional geometry 
on the torsional and distortional warping normal stresses, five box 
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girders of the same component plate thicknesses and same span length 
are studied. Two of the five have cross sections as sho•vn in Fig. 
4.4. The other three have box width-to-depth ratios of 5, 1, and 1/5, 
respectively. The load magnitudes are such that the St. Venant 
torsional shear flow is the same for all five cross-sections. The 
results are listed in Table 4.1 for torsional warping normal stresses 
at point 3 at midspan and for distortional warping normal stresses at 
the same point under the load at the mid-distance between diaphragms. 
For all five sections, the distortional stresses decrease with in-
creasing number of diaphragms. For the section with bf/hw equal to 
5, the torsional and distortional warping normal stresses are of the 
same sign, thus add to each other. For the remaining four sections, 
the torsional and distortional warping normal stresses are of opposite 
sign, and only one of the four has distortional warping normal stress 
less than twice the torsional warping normal stress when diaphragm 
spacing is L/6; only two of the four when L/8. These results point 
out the necessity of evaluating the distortional warping normal 
stresses between diaphragms after the selection of box section 
geometry and dimensions. 
The maximum transverse distortional bending stresses com-
puted by the BEF analogy for the five box girders of Table 4.1 are 
listed in Table 4.2. These bending stresses are for loads applied at 
mid-distance between diaphragms. The magnitude of these stresses are 
high when the diaphragms are far apart, but decrease rapidly with 
increasing number of diaphragms. When loads are applied at 
-56-
diaphragms, these stresses are practically zero. For example, for 
diaphragms spaced at L/2 and loads applied at mid-span diaphragm, 
the maximum transverse distortional bending stresses are 0.41, 0.35, 
2 
and 0.21 }m/m (0.6, 0.05 and 0.03 ksi) for the box girders with 
bf/hw ratios of 2, 1, and 1/2, respectively. Such magnitudes can 
well be ignored. 
The distortion of cross section also affects the box girder 
deflection (Fig. 4.1). The deflection profile of the girders of 
Fig. 4.5 and 4.6 are plotted in Figs. 4.7 and 4.8. Also plotted in 
the figures as dashed curves are the deflection profiles from thin-
walled elastic beam theory. For both box girders, the deflections 
caused by the cross-sectional distortion are greatly reduced when the 
diaphragms are at a spacing of L/4. When the spacing is at L/6, the 
deflection profiles including the distortional effects are practically 
coincident to those by the thin-walled elastic beam theory. 
In summary, the effects of cross-sectional distortional of 
box girders on the stresses and deflections are relatively unimportant 
when rigid diaphragms are closely spaced, or when loads are applied 
at rigid diaphragms. Only when loads are between far-apart 
diaphragms is it necessary to consider the distortional effects of 
cross sections. 
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5. ELASTIC STRESSES AND DEFLECTIONS 
5.1 Stresses 
The superposition of stress and deflection induced by 
flexure, torsion and cross-sectional distortion provides the total 
elastic stress and deflection. The total longitudinal normal stress 
at a point of a composite box girder is thus given by 
(5.1) 
where crB' crw and cr0 are bending, warping torsional, and distortional 
normal stresses computed according to·Chapters 2, 3, and 4, respec-
tively. The corresponding total shearing stress is the sum of flex-
ural, St. Venant torsional, warping torsional, and distortional 
shears. 
(5.2) 
Four model composite box girders were tested at Fritz 
E . . Lab (3.9,5.1) ng~neer~ng oratory • The results of experimental st 
stresses were compared with computed values so as to evaluate the 
validity of the theories. Two of the box girders were 3658 rnrn 
(144 in.), and the other two 12,192 rnrn (480 in.) in overall length. 
The details of these box girders are shown in Figs. 5.1, 5.2, 3.7 
and 3.8. The material properties are listed in Table 5.1 and the 
cross-sectional properties surnrnerized in Table 5.2. The shear lag 
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• 
effect was found to be small for these box girders, therefore, the 
entire cross section of each box girder was considered effective in 
flexure. The effects of the reinforcing bars in the concrete deck 
were found to be insignificant. The bars were, therefore, not 
included in calculating the cross-sectional properties listed in 
Table 5.2. In each pair of the four box girders, one (D2 and L2) had 
thinner webs, thus was flexurally and torsionally weaker than the 
other (Dl and Ll). 
In the tests of the model box girders all loads were 
applied at the diaphragms. Therefore the effects of cross-sectional 
distortion were theoretically negligible. For a load of 44.5 KN 
(10 k) applied over a web at the midspan of girder Dl, where a 
diaphragm existed, the computed maximum distortional warping normal 
stress and distortional transverse bending stress were only 0.676 
MN/m2 (0.098 ksi) and 0.172 MN/m2 (0.025 ksi), respectively, as 
2 
compared to a total longitudinal normal stress of 49.7 MN/m (7.2 ksi). 
Consequently in the computation of total normal and shearing stresses, 
the distortional terms in Eqs. 5.1 and 5.2 were omitted for these 
specimens. The experimental results, however, included the effects 
of all the contributing factors. 
The experimental stresses to be discussed in this chapter 
are converted from measured strains, which are assumed as elastic 
deformations. The computed and experimental normal stresses in two 
cross sections are sho\vn in Figs. 5.3 and 5.4. For the cross section 
of girder Dl in Fig. 5.3, the shear lag effect was not prominent • 
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The computed and tested stresses agree quite well. For the cross 
section of girder D2 in Fig. 5.4, the torsional warping caused the 
total longitudinal normal stress on one side of the bottom flange 
to be 46.7% higher than that on the other side. Good agreement be-
tween the computed and experimental stresses is evident. 
Along the length of the specimens, the comparison of stresses 
are shown in Fig. 5.5 for box girder D2. In the figure stresses 
were computed at the measured points and the results connected by 
straight lines to form normal and shearing stress diagrams. At the 
two bottom flange points, close to the webs (D2-A and D2-B), the 
computed and experimental normal stresses agreed fairly well. Along 
the middle of the bottom flange (D2-C), the flexural shear was zero, 
thus the shearing stresses were due to torsional effects only. The 
computed values were higher than the recorded magnitudes at some of 
the points. 
The validity of Eqs. 5.1 and 5.2 is dictated by the onset of 
nonlinear behavior of the box girder. Figure 5.6 is a load versus 
normal stress plot for two bottom flange points of specimen D2. The 
strain gages were located in box panel 3 (Fig. 5.2). The theoretical 
and experimental stresses increased linearly with the increase of 
load. The stresses at gage D2-A started to deviate from the pre-
diction line above the buckling load of web panel 3N. The stresses 
in gage D2-B also started to deviate from the straight line pre-
diction at higher loads. The nonlinear behavior of box girder panels 
after buckling are discussed later in Chapters 7 and 8. 
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5.2 Effect of Cracks in Concrete Deck Due to Negative Moment 
It has been difficult to evaluate accurately the stiffness 
of reinforced concrete beams for stress and deflection calcula-
t
. (5.2,5.3) 
~ons . In the negative moment region of composite box 
girders, tensile cracks develop in the concrete deck. The stiffness 
~f the girder is variable along its length, being largest between 
cracks where the concrete contributed to the stiffness, and smallest 
directly at a crack. To facilitate the computation of stresses in 
the steel plates and the deflection of the girder in the elastic, 
prebucking stage, the girder stiffness may be approximated by an 
average value computed using a partial deck thickness together with 
the steel u-section. 
An idealized schematic diagram of load-deflection relation-
ship in the negative moment region is shown in Fig. 5.7. For 
initially uncracked concrete, the full deck is effective until the 
development of tension cracks (OA). Then, a partial deck thickness 
is assumed effective (AB). Further increase in load enlarges the 
existing cracks and causes additional cracks in the deck. Hence 
only the reinforcing bars plus the steel U-section remains effective 
in resisting the additional load. The onset of nonlinearity (C) due 
to yielding of the steel or buckling of plates may occur before or 
after point B, depending on the cross-sectional proportioning of the 
girder. Since reinforced concrete decks often have hairline cracks 
in the negative moment region due to shrinkage and dead load, the 
condition of uncracked deck (OA) does not exist. A partial deck 
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thickness can therefore be assumed initially for practical purposes . 
In this case the load-deflection relationship is represented by the 
line OB'C'D'. 
From the tests on the four composite box girder specimens 
(Figs. 3.7, 3.8, 5.1 and 5.2), it was found that in the elastic, 
prebuckling stage a partial deck thickness equal to the distance 
from the center of the bottom layer longitudinal reinforcing steel to 
the bottom of the concrete deck can be satisfactorily considered as 
effective for stress and deflection computations. 
To examine this assumption of partial deck thickness, the 
diagrams of load versus stress for various locations in the box girder 
specimens are plotted in Figs. 5.8, 5.9, 5.10 and 5.11. Figures 5.8 
and 5.9 are for total normal stresses·at web points near the composite 
deck, where the computed normal stresses are influenced most by the 
assumption of partial deck thickness. It is seen that the partial 
deck assumption gives good prediction of normal stresses for these 
specimens. The similarly good prediction is observed for the 
shearing stresses shown in Figs. 5.10 and 5.11. 
5.3 Deflections 
Similar to stresses, the deflections caused by bending, 
torsion and distortion can be superimposed to obtain the total values. 
Figure 5.12 compares the calculated and measured deflection profiles 
of two box girder specimens. Partial deck thickness was employed in 
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computing the deflection for the case of negative bending. Good 
agreement is observed. 
Three load versus deflection plots are given in Figs. 5.13 
to 5.15. Figure 5.13 is for positive bending plus torsion, whereas 
Figs. 5.14 and 5.15 are for negative bending plus torsion. In all 
three cases the experimental deflections agree well with the cal-
culated values. Figures 5.14 and 5.15 also confirm the validity of 
the assumption of partial deck thickness. 
The good correlation between the computed and experimental 
stresses and deflections indicated that the method of analysis 
proposed and discussed in Chapters 2, 3 and 4, and the partial deck 
thickness discussed in this chapter are valid for the composite box 
girders • 
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6. BUCKLING STRESSES OF WEB PANELS 
6.1 Existing Information 
.The deviation from linear elastic behavior of normally 
proportioned girders may be due to plate buckling or yielding of the 
component parts of the box girders. The buckling of web panels of 
box girders is similar to that of plate girders, which has been 
. 1 t d' d(6.1,6.2) extens~ve y s u ~e • 
Because the concrete deck and the bottom flange are re-
latively more rigid than the web plates, it is assumed in this 
analysis that the web panel boundaries are fixed along the deck and 
the bottom flange, and simply supported along the transverse stif-
feners as depicted in Fig. 6.1. With elastic stresses evaluated by 
the procedure discussed in previous chapters, the loading condition 
of a gox girder web panel can be idealized (Fig. 6.1). The plate is 
subjected to linearly varying longitudinal normal stresses and uni-
form shearing stresses. The larger compressive stress is designated 
as cr1c and the smaller compressive or tensile stress as cr2 . 
Plates clamped at the two longer edges but simply supported 
at the other two edges under the action of shearing stresses were 
studied by Leggett( 6 · 3) and Iguchi< 6 · 4). Plates with the same 
boundary conditions but subjected to nonuniform longitudinal stresses 
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. . d b N lk ( 6 . 5) were ~nvest~gate y o e . For plates simply supported along 
all four sides, interaction curves were developed by Batdorf and 
Stein( 6 · 6) for combined shear and uniform normal stresses, and by 
. h k <6 · 7) f b" d h d b d" T~mos en o or com ~ne s ear an pure en ~ng stresses. None 
of these results or the results of recent finite element analyses 
such as those contained in Refs. 6.8, 6.9 and 6.10 are directly 
applicable to the present case. In evaluating the load carrying 
capacity of plate girders with unequal flanges, Ostapenko and 
others(6 .ll) developed an interaction formula which takes into account 
the plate aspect ratio a/b and the stress ratio R = cr2c/cr1c for the 
boundary conditions shown in Fig. 6.1. Also introduced are trans• 
ition curves derived on the basis of test results to take into con-
sideration the effects of residual stresses and initial out-of-
straightness on the buckling of plates under pure shear or pure 
normal stresses. 
The following formulas are from Ref. 6.11 with the exception. 
that shear buckling stress in the strain-hardening range is taken to 
be equal to the shear yield stress. 
where 
Interaction Equation: 
T = critical shearing stress under combined shearing 
c 
and normal stresses, 
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(6.1) 
shear buckling stress under shear loading alone, 
critical compressive stress under combined shearing 
and normal stresses, 
crcr = the larger compressive stress (cr1c) at buckling 
under normal stress loading alone, and 
R = cr2c/crlc' negative when cr2c is tension. 
The values of T and cr are determined by the following 
cr cr 
equations: 
Shear Loading Alone: 
and 
where 
T 
cr 
T 
cr 
T 
cr 
T y 
. A~] ~r-:=: [/-f. a43(tJ,5t~ A.v) ~ 
for A s 0.58 (shear yielding), 
s 
= [1- 0.615 (A - 0.58) 1 · 18] T 
s y 
for 0.58 sA s j2 (elastic-plastic range), 
s 
= T fA 2 y s 
for A :::: /2 (elastic range), 
s 
T = cr /j3, the shear yield stress of the plate, y y 
cr = the yield stress of the plate, y 
(6.2a) 
(6.2b) 
(6. 2c) 
, = 2~ 12 (l - v 2 ) • J the non-dimensional shear ~ t 2 K ' 
s n E s 
buckling parameter, 
b = the plate depth, 
t = the plate thickness, 
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mined by 
and 
where 
v = the Poisson's ratio of the plate, 
E = the Young's modulus of elasticity of the plate, 
K = the shear buckling coefficient, being deter-
s 
K = 5 · 34 + 6· 55 - 13.71 + 14.10 a 
s 2 
a ~ 
for a :s; 1.0, 
Ks = 8.98 + 6~18- 2388 
a a 
for a ~ 1.0, 
a= a/b, the plate aspect ratio (Fig. 6.1); 
(6. 3a) 
(6.3b) 
Normal Stress Loading Alone: 
y cr = cr 
j)l a = 
cr 
cr y (6.4a) 
for A. :s; 0.58 (yielding), 
n 
[1- 0.615 (A. - 0.58) 1"18] a 
n y (6.4b) 
for 0.58 :s; A. :s; /2 (elastic-plastic range), 
n 
1iJ 0 cr = cr fA. 
2 
y n (6.4c) 
where 
for A. ~ /2 (elastic range), 
n 
A = E.~ 12 ( 1 - v 2) • 5: 
n t 2 K ' 
TI E n 
the non-dimensional 
normal stress buckling parameter, 
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K = normal stress buckling coefficient, being 
n 
conservatively evaluated i:.y assuming Q' = co 
from the following expression 
I Kn = 13.54 - 15.64R + 13.32R2 + 3.38R3 
for - 1.5 s R s 0.5 (6.5) 
6.2 Buckling Coefficients by the Finite Difference Procedure 
The interaction formula of Eq. 6.1 is subject to the limitation 
that the stress ratio R must be within the values of -1.5 and 0.5, 
as indicated in Eq. 6.5. For composite box girder web panels the 
stress ratio R often falls beyond -1.5. Thus, more buckling coef-
ficients must be obtained to supplement the available results in 
order to estimate the panel buckling strength of composite box 
girders. The method of finite differences( 6 · 12) is employed. 
By disregarding the body forces; the governing differential 
. (6.13) 
equation for the buckled plate 1s . . 
2 2 2 
v4 w = .! (N o w2 + N o w + 2N o w ) 
D X ox y oy2 xy ox oy 
(6. 6) 
where 
w = out-of-plane deflection of the buckled plate, 
D flexural rigidity of the plate, 
N ,N = critical normal force per unit length acting 
X y 
in x- andy-directions (Fig. 6.1), respectively, 
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and 
N = critical shear force per unit length. 
xy 
For the present case there exists no N in Eq. 6.6, and if the y 
equation is converted into finite difference equations, the following 
system will result: 
Aw = A.Bw (6. 7) 
where A and B are symmetric matrices, and A is an expression con-
taining D, N , N and is dependent on the finite difference mesh 
x xy 
size employed. Equation 6.7 represents a standard eigenvalue 
problem. The smallest eigenvalue, which can be obtained by inverse 
iteration< 6 · 14 •6 · 15), will give rise to the critical state of stress 
causing buckling of the plate. Furthermore, since the eigenvalues 
obtained from successive finite difference meshes are either de-
creasing or increasing steadily, an extrapolation technique can be 
employed to improve the results. If e1 , e2 and e3 are the three 
eigenvalues acquired from three finite difference mesh configurations, 
h h 1 d . 1 - . (6.16) t en t e extrapo ate e~genva ue, e, ~s 
4 
-
nl el 
e = - 2 2 2 2 (nl - n2 )(n3 - n ) l 
4 
n3 e3 
(n2 2 2 2 2 - n )(n - nl ) 3 3 
(6.8) 
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where n1 , n2 and n3 are the number of meshes in they-direction used 
in the finite difference process. 
In employing the finite difference procedure the whole plate 
is used so that no prescription of the buckled shape is involved. 
Three buckling coefficients are found from three finite difference 
meshes of 8 x 8, 9 x 9 and 10 x 10. The extrapolated buckling coef-
ficients by Eq. 6.8 are then computed and adopted as critical shear 
buckling coefficients K of the plate under combined loading. These 
sc 
values are plotted in Figs. 6.2 to 6.10 against the plate aspect 
ratio, a/b, and as functions of loading conditions, R and cr2 /~ • c c 
For a plate with given aspect ratio and loading conditions, the 
critical shear buckling coefficient can be determined from the curves 
or through interpolation. Linear interpolation or a more sophis-
t . t d method( 6•17) such La · · 1 · 1 b d ~ca e as grag~an ~nterpo at~on can a so e use . 
Once the K value is determined, the critical shearing 
sc 
stress in the elastic range can be computed by 
(6. 9). 
The corresponding values of cr2c and cr1c can be determined by the 
' appropriate values of cr2 /~ and R. c c 
To compare the finite difference results lvith the existing 
buckling stresses, the interaction curve given by Eq. 6.1 is shown 
in Fig. 6.11 for R =- 1.5, the limiting case of the equation. Four 
arbitrary K values are taken from Fig. 6.2 and the corresponding 
sc 
~ and cr1 values computed, then nondimensionalized by Eqs. 6.2c and c c 
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6.4c, respectively, and plotted also in Fig. 6.11. Tl-.vo of the four 
points are quire close to the ineraction curve and two other points 
are above, indicating that the results from Eq. 6.1 are sometvhat con-
servative for R = - 1.5. Tl;vo other indirect comparisons are made in 
Figs. 6.12 and 6.13. Plotted in the figures are the K values 
sc 
obtained by finite differences for plates clamped longitudinally and 
simply supported transversely, and the shear buckling coefficients 
from Ref. 6.18 for plates with all four sides simply supported. It 
is logical to see that the K values for the plates with two fixed 
sc 
edges are greater than those for the plates with only simply supported 
edges. 
6.3 Inelastic Buckling 
The combination of critical shear stress T and critical 
c 
normal stress cr1c must be checked against the yield criterion so as 
to distinguish elastic from inelastic buckling. For plate buckling 
beyond the proportional limit, a proper representation of the stress-
strain relationship needs to be sought. The Poisson's ratio becomes 
stress-dependent, and the plate is no longer isotropic. In the case 
of inelastic buckling under uniaxial stress, Bleich<6 · 19) introduced 
a square root mean /EEt as an approximation of the net effective 
modulus of the plate, where Et is the tangent modulus. Then; 
"cri ·~Kn. 12(:2_Ev2) (~)2 (6.10) 
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where K is the buckling coefficient of a plate subjected to uniaxial 
n 
compression. The term ~Et/E may be viewed as an adjustment to 
inelastic buckling similar to the transition curve of Eq. 6.4b. 
For inelastic buckling under pure shear, the approximation "EEt 
was similarly suggested. 
~E' = __.! K E s ·r? E t 2 2 (b) 12(1 - \) ) (6.11) 
where Ks is the buckling coefficient for shear, and ~E/E is an 
adjustment similar to Eq. 6.2b. For inelastic buckling under combined 
shear and normal stress, the plasticity factor, ~Et/E, was assumed 
to ~e applicable to Von Mises's effective stress; 
(a ff) , when it is beyond the proportional limit. 
e cr 
+ 3T 2 
c 
(6.12). 
Thus, by following Bleich's approximations the transition curve 
of Eqs. 6.2b and 6.4b may be applied to (a ff) through the 
e cr 
parameter A.eff' 
(6.13) 0 
The adjustment for buckling beyond the proportional limit is: 
T = a I_/ (a1 IT ) 
2 + 3 
c y1 c c 
=a/~ 1 + 3 (T /a1 ) 2 y c c 
for A.eff ~ 0.58 
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(6.14a) 
(6.14b) 
and 
T = [1- o.615C"- ~f- o.58)1. 18]cr /Jccr1 /T ) 2 + 3 c er . y 1 c c 
(6.14c) 
<Jlc = [1- 0.615("-eff- 0.58)1.18]cry/~ 1 + 3(Tc/crlc)2 
(6.14d) 
for 0.58 :::;; \f£:::;; /2 
where the terms 'fc and crlc are, respectively, the adjusted critical 
shear and critical normal stress to account for the inelastic 
buckling, and T is from Eq. 6.9. 
c 
It is to be noted that, since the numerical value of cr2c is 
greater than that of cr1c whenever R is smaller than -1.0, the com-
bination of cr2 and 'f reaches yieldipg before the combination of c c 
cr1 and T does. Under this circumstance the web plate panel will c c 
yield at the bottom before buckling takes place. 
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7. STRENGTH OF COMPOSITE BOX GIRDERS UNDER FLEXURAL LOADING 
7.1 Box Girders and Plate Girders 
A thin-walled box girder subjected to flexural loading without 
torsion as sho~vn in Fig. 1.2 is equivalent to two thin-walled plate 
girders. The two webs of the box girder carry practically all the 
vertical shear and the two flanges carry most of the bending moment. 
The strength of the box girder is controlled by the development of 
the web tension field and by the strength of the flanges to resist 
direct compression or tension. This equivalency of box girders to 
plate girders has been confirmed by tests and 
t t . (1.18,1.19,3.9,5.1) Th d f h l cornpu a ~ons . e proce ure or t e u timate 
strength prediction of composite box girders in flexural loading, 
however, has not been developed and is derived in this chapter. 
In the investigation of the ultimate strength of plate girders 
( 7 .1) 
loaded in shear, Basler proposed a uniform stress tension field 
model neglecting the effects of flange rigidity. The tension field 
in a web panel is ·assumed to be anchored by the neighboring web 
panels and the transverse stiffeners. Rockey and Skaloud< 7• 2 • 7 · 3 • 7 · 4) 
suggested a model which took into consideration the effects of the 
flange rigidity but the tension field was taken along the panel 
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) diagonal. Fujii(
7
·
5
,
7
·
6) assumed a tension field model with the in-
terior plastic hinges assigned at the midpanel. Chern and 
Ostapenko (7 · 7) developed a model consisting of t~vo uniform stress 
bands and a panel mechanism. 
. (7 .8) 
Komatsu's model assumed the flange 
interior plastic hinge to be independent of the extent and inclina-
tion of the tension field. More recently, Porter, Rockey and 
Evans( 7•9) presented a model of single tension yield band with the 
position of the interior plastic hinges defined by the plastic moment 
capacities of the flanges. The optimal inclination of the tension 
field is determined by trial. This model provides identical lower 
and upper bound solutions, and it has been shown that many of the 
existing models are the special cases of this solution. 
The interaction of shear and bending moment in the evaluation 
of load carrying capacity of thin-walled plate girders was first 
examined by Basler( 7.lO). It is assumed that interaction would take 
place only when the external moment exceeds the flange plastic moment, 
the moment which can be carried by the flanges alone. Akita and 
Fujii( 7.ll) modified the interaction diagram of Basler's. One of the 
termini of the interaction diagram is determined by the shear buckling 
load of the web panel and the flange plastic moment. The other is 
defined by the ultimate shear computed by assuming no flange rigidity 
together with the reduced flange plastic moment computed by con-
sidering flange forces due to bending plus tension field action. 
(7.12) Chern and Ostapenko proposed a step by step calculation of 
stresses in both the tension and the compression flanges while the 
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web is loaded into the post-buckling stage. The strength of a plate 
girder would be controlled by one of the following: failure of the 
web, buckling of the compression flange, and yielding of the tension 
flange. 
Since consideration of the effects of flange rigidity on the 
tension band width is particularly important for composite girders, 
the model proposed by Porter, Rockey and Ev~ns( 7 • 9 ) together with the 
b h d 0 k ( 7. 12) f . . b h procedure y C ern an stapen o or ~nteract~on etween s ear 
and bending is adopted for the strength evaluation of composite box 
girders. 
7.2 Composite Box Girder under Shear and Positive Bending 
A composite box girder subjected to flexural loading causing 
positive bending is shown in Fig. 7.1. A cross section symmetrical 
with respect to its vertical centroidal axis may be considered as 
composed of two composite plate girders as depicted in Fig. 7.2. The 
equivalent flange widths computed by the procedure of Chapter 2 will 
be used throughout the strength evaluation. 
7.2.1 · Strength by Web Failure 
The shear strength (V ) of a panel (ABCD) of one web con-
u 
sists of buckling (V ) and post-buckling (Vt) contributions. 
. cr 
A. Buckling 
The critical stresses at buckling, a 1 , a2 and ~ c c c 
of Fig. 6.1, can be computed using the procedure of Chapter 2 in 
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conjunction with the buckling coefficients of Chapter 6. The 
shear buckling force, V , of one web can be approximated by the 
cr 
product of the average shearing stress, T , and the area of one 
c 
web, A . 
w 
v = T A 
cr c w 
B. Tension Field Action 
(7 .1) 
Beyond the web buckling load, the additional vertical 
shear force is resisted by webs through the development of 
tension fields, and the corresponding additional moment is con-
servatively assumed to be taken by the top concrete deck and the 
bottom steel flange only. Three additional assumptions are 
made: (a) the web buckling stresses remain constant during the 
development of tension field and are additive with the tension 
field membrane stress, crt< 7•1); (b) the linearly varying normal 
stresses at web buckling may be idealized as uniform tensile and 
compressive stresses< 7•12) as shown in Fig. 7.3; and (c) the 
ultimate strength of the panel is considered to be reached when 
the combination of the idealized stresses of Fig. 7.3 and the 
tension field membrane stresses, crt' reaches the yield con-
dition0·12). 
The tension field may be divided into five sub-bands 
as depicted in Fig. 7.4. The innermost band, with width d1 , is 
identical to that proposed by Basler( 7.l). The extents of the 
outer bands, d2 and d3 , depend on the rigidities of both flanges. 
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If the flanges are rigid enough, the tension field yield zone 
may spread beyond the two interior plastic hinges, E and F, 
and form the outermost bands, d4 and d5 , which are not contri-
buting to the panel shear strength< 7· 9). 
(a) Tension Field Shear Capacity 
Let the tension field inclination angle be designated 
0 (Fig. 7.4), the optimal value of which is yet to be 
determined by maximizing the tensile membrane stress, crt. 
By expressing the idealized buckling stresses of Fig. 7.3 
in terms of new cartesian coordinates aligned with 0, the 
resulting stresses can be combined directly with cr . By 
. t 
introducing these combined stresses in the Von Mises's 
yield criterion, the expression for crt is obtained. 
= cr J- [.l (cr2c) + .J (_!_) cos(20- 2o)]2 
crt yw 8 cr 2 cr yw yw 
where 
cr yw 
r = 
and 
0 = 
r 2 cr2c 2 ·1 
+ [1 - 3 (~) - (~) J - [8 cr2c 
yw yw 
yield stress of 
I cr 2 ~ (__]_£) + 'f 2 4 c 
1 -1 4 IT I tan Cl 2 cr2c 
+ 1 r cos(20 - 2o)] 2 
the web, 
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(7. 2a) 
(7.2b) 
(7. 2c) 
• 
The tension band widths d1 , d2 , and d3 are determined by 
dl = b cos0 - a sin(O (7.3a) 
d2 cl sin(O (7.3b) 
d3 c2 sin0 (7~3c) 
where 
a = panel length, may be taken to be the distance 
between two transverse stiffeners, 
b = panel height, or the web clear height, 
c 1 ,c2 = distance from the corner hinge to the interior 
hinge of top and bottom flanges, respectively. 
With the tension field band widths and intensity known, 
the shear capacity Vt of one web is obtained as 
(7 .4a) 
where 
t web thickness, 
w 
and 
(7 .4b) 
Equation 7 .4a is identical to the iN formula derived by (] 
Basler( 7.l), except that the effects of flange rigidities 
are incorporated in the a term. 
c 
Because both a and a are functions of 0, differen-
t c 
tiating Eq. 7.4a to optimize the tension field inclination 
angle 0 becomes highly complicated. However, crt is not 
. . ~ (7 .1) d 
sens1t1ve to ~ , an a does not change much with 0 in its 
c 
common range of magnitude, as can be concluded from the 
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expressions of c1 and c2 to be derived later. Thus, 
if cr and a are treated as constants with respect to 
t c 
0, maximization of Eq. 7.4a would lead to the 
following expression. 
tan0 
ao J 2 I 1 +a - a c c (7.5) 
where ~ is the approximate optimal tension field 
ao 
angle. The corresponding tension field shear capacity 
of one web is then given by 
V - l cr t btann t - 2 t w ~ao (7. 6) 
with crt computed from Eq. 7.2 using 0ao from Eq. 7.5. 
Equations 7.5 and 7.6 provide a good approximation 
to the tension field shear strength vt. (7 .13) A procedure 
has been developed to find the optimal tension field 
angle 0 from 0 by plotting V against 0 + 60. 
o ao t ao -
The maximum value of Vt can be found accordingly. 
(b) Locations of Interior Plastic Hinges 
The locations of the interior plastic hinges 
in the flanges caused by the tension field force are 
determined by the flange plastic bending moment 
capacities, which are influenced by the presence of 
axial forces in the flanges. For the equivalent 
rectangular bottom flange, the modified plastic moments 
at the corner hingeD and the interior hinge F (Fig. 7.4) 
to account for the existence of axial stresses are given 
as 
(7.14) 
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where 
c 
a 
Me 
= M [1 - (_!?i) 2] (7.7a) p p y 
abf 
i 
Mi 
a 
M [1 -( bf)2] (7.7b) p p y 
abf 
Me Mi 
= the modified plastic moments at the corner p' p 
and the interior hinges, respectively, in the 
bottom flange in the width we2 (Fig. 7.2), 
w e 2 = half of the equivalent ,;..ridth of the bottom 
flange (A3/2) plus the small projecting 
width beyond the web, 
M = the full plastic moment capacity of the p 
bottom flange in the width we2 , 
c i 
crbf'abf = the corresponding normal stresses at the 
corner and the interior plastic hinges, and 
crb~ = the yield stress of the bottom flange. 
By .the equilibrium of the plastic moments and the vertical 
components of the tension field stresses in the segment DF sho,;vn 
in Fig. 5.5 the interior hinge location, c2 , can be computed. 
:S a (7.8a) 
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For the compression flange, which has the combined 
section of the concrete deck and two top steel flanges, the 
modified ultimate moment capacities have to be found by trial, 
and will be discussed later. The location of the interior 
hinge, c1 , can be computed in the same manner as for c2 . 
• 211 
crt tw s1.n "' 
(7 .8b) 
where Me and Mi are the ultimate moments at the corner and the 
u u 
interior hinges, respectively. Both c1 and c2 are limited by 
the panel length a. If both are equal to a, the web panel 
boundary frame will form a panel mechanism as suggested in Ref. 
7.12. If the computed values of c 1 and c2 from Eqs. 7.8 are such 
that c 1 ~ a dnd c2 > a, a case often occurs to composite box 
girders, then Eqs. 7.4 become 
Mi 
I 
sin20) + 
Me+ 
vt t b (sinCJ cos0 - u u = (j Ct t w c a (7 .9a) 
where 
a 1 c2 
Ct b (-- -) c 2 a (7. 9b) 
(c) Normal Stresses or Forces at the Hinges 
To calculate the hinge locations c1 and c2 , the modi-
fied plastic moment capacities of the flanges to the hinges 
account for the axial forces need to be evaluated. This re-
quires that the axial forces present at the hinges be found 
before the computation of modified plastic moments. The axial 
stresses or forces at the onset of web buckling will be found 
first. 
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At the corner hingeD of the bottom flange (Fig. 7.1) the 
normal stress is: 
= 
Vcr (L- zl)ybf 
I /2 
X 
At the interior hinge. 
where 
V = shear buckling strength of the panel of one 
cr 
web in question, 
z 1 = distance from the left support to the left 
boundary of the panel, 
(7.10a) 
(7.10b) 
ybf = distance from the mid-thickness of bottom flange 
to the centroid of the equivalent box girder 
cross-section (Fig. 7.2) and, 
I = moment of inertia about the horizontal, 
X 
centroidal (x) axis of the same equivalent box 
girder cross section. 
For the compression flange cross section consisting of 
concrete deck and top steel flanges, the longitudinal strain 
through the thickness is assumed as uniform, thus the total 
axial force in the combined section is acting at the elastic 
centroid. The location of the elastic centroid (Fig. 7.2) 
is given as 
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\vhere 
t 
ec 
0.5 Ag (tc + ttf) + (n- 1) As 1(tc- t 1 + 0.5 ttf) 
At 
(7 .11) 
t = distance from the mid-thickness of the top steel 
ec 
flange to the elastic centroid of the combined com-
pression flange cross section, 
Ag = tc. \vel' the gross concrete area in the width wel' 
wel (A1 + A2(/2, half of the equivalent width of the 
concrete deck, 
t = thickness of the concrete deck, 
c 
ttf = thickness of the top steel flange, 
Atf = cross-sectional area·of the top steel flange, 
n = E /E , the modular ratio, 
s c 
E = the elastic modulus of steel, taken to be 
s 
203,550 MN/m2 (29,500 ksi) for both reinforcing 
bars and steel component plates, 
E the elastic modulus of concrete, 
c 
Asl = total area of longitudinal reinforcement of top 
layer in the width wel' 
Asz = total area of longitudinal reinforcement of bottom 
layer in wel' 
t 1 = the distance from the center of top longitudinal 
reinforcing bars to the top fiber of concrete 
deck, 
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the distance from the center of bottom 
longitudinal reinforcing bars to the bottom 
fiber of concrete deck, and 
transformed area of the combined section 
in the width wel" 
At the corner hinge B the axial force in the combined section 
of the width wel is given by 
F cl = 
cf 
Vcr(L- zl- a)(ytf +tee) 
I /2 
X 
At the interior hinge E, it is 
Fil 
cf 
= Vcr(L- zl- a+ cl)(ytf +tee) • At 
I /2 n 
X 
(7.12a) 
(7.12b) 
If the concrete deck is handled as an elastic plane stress 
orthotropic plate as suggested in Chapter 2, then the longi-
tudinal elastic modulus E has to be used, and Eqs. 7.11 and 
z 
7.12 revised accordingly for calculating the axial force at 
the hinges at web buckling. 
il cl In addition to the stresses and forces, crbf , crbf , 
F il and F cl developed at the onset of ~veb buckling, there 
cf cf ' 
are forces induced by the horizontal component of the 
tension field stresses as well as by the external moment 
necessary for equilibrium with' the tension field shear V . 
t 
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The horizontal component of the tension.field force in 
the innnermost (Basler) band d1 (Fig. 7.5) is computed by 
2 a 
HtB = ot twb(cos 0 - b sin0 cos0) (7.13) 
It is assumed that half of this horizontal component is carried 
in compression by the bottom flange and the top steel flange 
at the two corner hinges, D and B, respectively. That is 
(7.14) 
where 
c the horizontal normal force, induced by the Hbf = 
tens ion field action, acting at the mid-thickness 
of the bottom flange, and 
c the similar horizontql normal force acting Rtf = at 
the mid-thickness of the top steel flange. 
It is to be noted that the tension field inclination angle 
may be such that the HtB value is negative. If this occurs, 
it is assumed that no horizontal component of the tension 
field stresses is taken by the two corner hinges. Thus, 
At the interior hinges, F and E, where the horizontal 
components of bands d2 and d 3 act, the total horizontal 
normal forces are 
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(7.15a) 
H i - H c + a t c1 sin0 cos0 tf - tf t w (7 .lSb) 
which are acting at the mid-thickness of the respective flange. 
The normal forces created by the external moment 
2 i2 c2 
equilibrium are designated as Fb~ and Fbf ,and Fcf and 
i2 Fcf for the corner and interior hinges of the bottom and 
top combined flanges, respectively. The location of Fb~2 
and Fb~2 is naturally at the mid-thickness of the bottom 
fl h h f c2 d F i2 . h ange, w ereas t at o Fcf an cf 1s assumed to be at t e 
plastic centroid of the combined section of the concrete deck 
and top steel flanges. The plastic centroid of the combined 
section in the equivalent width wel is shown in Fig. 7.6 and 
. d by(7.15) 1s compute 
where 
t pc 
' y ' 
= [0.425 fc Ag (tc + ttf) + (asl - 0.85 fc) Asl (tc 
- t 1 + 0.5 ttf) + (crs~ - 0.85 f:) As2 (t2 
+ 0.5 ttf)]/Fc~ (7 .16a) 
t = distance from the mid-thickness of top steel flange pc 
to the plastic centroid, and 
F u = the ultimate concentric load of the combined section 
cf 
in wel" 
The force F u is given by 
cf 
F u 
cf 
= ' y (. y ' 0.85 fc Ag + crt£ Atf + crsl - 0.85 fc) Asl 
+ (crs~ - 0.85 fc') As 2 
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(7 .16b) 
in which crt~' y 0 sl' and crs~ are respectively the yield stress of 
At£' Asl' and As 2 . Once t is determined, the forces are pc 
computed (Figs. 7.1 and 7.2) by 
F c2 vt 
(L - zl) 
= (7.17a) bf b' + t pc 
i2 vt (L - z - c ) 1 2 (7.17b) Fbf = b' + t pc 
F c2 vt (L - z - a) 1 
= (7.17c) 
cf b' + t pc 
F i2 vt (L - z - a+ c1) 1 
= (7.17d) 
cf b' + t pc 
where b' is the distance from the mid-thickness of bottom 
flange to that of top steel flange. 
The total normal stress, including buckling and post-
buckling stages, in the bottom flange at the corner hinge D 
is 
cl 
F c2 _ f1,~ c + bf 0 bf = crbf Ab£ (7 .18a) 
and that at the interior hinge F is 
i2 i 
i i1 
+ 
Fbf - ~f 
O'b£ = 0 bf Abf 
(7.18b) 
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where 
Abf = tbf we2 ' the bottom flange area in the equivalent 
width, \v e2 , 
tbf = thickness of the bottom flange, and 
By substituting Eqs. 7.18 into Eqs. 7.7, the modified 
plastic moments at the hinges of the bottom flange can be 
found. 
(d) Ultimate Moment Capacities at the Hinges of Top Flange 
In evaluating the ultimate moment capacities at the hinges 
of the compression flange, general assumptions used in the 
reinforced concrete design are followed. The maximum usable 
strain at the extreme concrete compressive fiber, e , is 
cu 
taken to be 0.003, and the rectangular equivalent stress 
block is used( 7•16). The stress-strain relationship of the 
reinforcing bars and top steel flange is idealized as elastic-
perfectly-plastic as shown in Fig. 7.7. 
The interior hinge E.is treated first. Figure 7.6 
depicts the strain and force diagrams of the hinge. From 
the strain diagram it is deduced 
0.003 k = -~.:....:;..;:-=-:~ 
u E:tf + 0.003 (7.19) 
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where 
k = a coefficient for determining the neutral 
u 
axis, and 
etf = the strain at the mid-thickness of the top 
steel flange. 
The forces in the equivalent deck width of wel are computed 
as follows: 
csl 
c 
c 
Ts2 
Ttf 
where 
c 
sl 
crsl 
c 
c 
f 
c 
~1 
I 
= (crsl 0.85 f ) Asl (7.20a) c 
= 0.85 f ~1 kut3 wel (7.20b) c 
= crs2 As2 (7. 20c) 
= crt£ At£ (7.20d) 
= the total compressive force in the reinforcing 
bar area Asl minus the corresponding concrete 
force in the same area, 
the stress in the bar area A 
sl' 
= the total concrete force in the equivalent 
rectangular stres.s block, 
= concrete strength, 
= a fraction taken as 0.85 for concrete strength f ' 
c 
up to 27.6 MN/m2 ( 4 ksi), and reduced continuously 
at a rate of 0.05 for each 6.9 MN/m2 (1 ksi) of 
strength in excess of 27.6 MN/m2 (4 ksi)< 7 •16), 
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t 3 = tc + 0.5 ttf (Fig. 7.6), 
Tsz = total tensile force in the bar area AsZ' 
crs 2 = the stress in the bar area AsZ' 
Ttf = total tensile force in one top steel flange, Atf' and 
crtf = the stress in Atf" 
The equilibrium of the horizontal forces gives rise to 
I 
0.00255 f ~1 t3 wel Asl 
'c I 
crt£ = + (cr 1 - 0.85 f ) e:tf + 0.003 Atf s c Atf 
+F. i2 + 
cf (7. 21) 
The neutral axis can be located by trial using Eq. 
7.21. Because at ultimate moment the Asl bars are most 
likely at yielding, crsl = crsi can first be assumed. 
An appropriate value of the stress in As2 bars is 
then assumed by judgment according to the top steel 
flange area Atf" From the idealized stress-strain 
relationship of Atf its stress and strain. 
(crtf and e:tf) can be determined. The value of k is then 
u 
computed from Eq. 7.19. The strains e:sl and e:s2 can 
4 -91-
\ 
• 
be obtained from the strain diagram and the corresponding 
stresses crsl and crs 2 determined from their individual 
stress-strain relationship. This process can be 
repeated until the assumed and computed values of crsl 
and crs 2 agree satisfactorily. 
With the neutral axis located, the forces as defined 
in Eqs. 7.20 can be determined. The ultimate moment 
capacity Mi 
u 
at the interior hinge E of the compression 
flange in the equivalent width wel (Fig. 7.6) is computed 
by 
+ F il [(1 - k )t3 - t J + F iZ [(1 cf u ec cf 
- ku)t3 - t J pc (7.22) 
The ultimate moment at the corner hinge B bends the 
compression flange concave-downward. The moment capacity 
is reached when the tensile reinforcing bars A81 attain 
the rupture strain or the concrete compressive strain 
at the bottom fiber arrives at its crushing value of 0.003. 
These cases are treated separately below. 
When the tensile reinforcing bars Asl rupture, the 
compressive strain of the top steel flange may be less than 
the yield strain and the corresponding bottom fiber strain 
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of the concrete deck less than the idealized yielding 
value (Fig. 7.7)(ssl e u y = isl' 8 tf < 8 tf' 8 c ~ 8 cy). 
From the strain diagram in Fig. 7.8a, it is deduced 
k 
u 
The forces in the equivalent width '"el are: 
cs2 
. (cr - f ) A 2 , for kut4 > 0.5 ttf + t 2 . s2 c s 
ctf = 0 tf Atf 
where 
Tsl = the total tensile force in the bars Asl' 
(7.23) 
(7.24a) 
(7.24b) 
(7.24c) 
(7.24d) 
C the concrete force in the elastic, triangular 
c 
stress block, 
f concrete stress at extreme compressive fiber, 
c 
cs2 = total compressive force in the bars As 2 
minus the corresponding concrete force in the 
same area, with the concrete stress con-
servatively taken as f , and 
c 
ctf = total compressive force in one top steel 
flange of area Atf" 
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• 
The equilibrium of horizontal forces results in 
= 0.5 f 
c u 
8 tf + 8 sl 
- 0.5 f 
c 
(t4 - 0.5 ttf) wel 
Atf 
A 1 
+ cr Y _s_ - (cr - f ) 
sl Atf s2 c 
A F cl + F c2 + Htcf 
~ + ~c~f~--~c~f~--~~ 
Atf Atf 
(7. 25) 
Equation 7.25 can be used for locating the neutral axis 
by trial. Appropriate values of fc and cr52 are first 
assumed. The values of crtf and e:tf are then determined 
through the idealized crtf - e:tf relationship. The 
neutral axis can be located by Eq. 7.23 and the strains 
e and E: 2 obtained. The corresponding stresses f and c s c 
crs 2 can be re-evaluated through the idealized stress-
strain relationships. The procedure is repeated until 
the assumed stresses agree satisfactorily with those 
computed. After the neutral axis and the horizontal 
forces are determined, the ultimate moment capacity at 
hinge B in the equivalent width wel can be computed by 
( 7. 26) 
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) 
It is to be noted that if kut4 < 0.5 ttf + t2' then As 2 
is in tension. The f term in both Eqs. 7.24c and 7.25 
c 
has to be dropped and the sign of crs2 changed to 
negative. However, Eq. 7.26 is still valid. 
When the tensile reinforcing bars Asl rupture, the 
top steel flange may remain elastic, and the concrete 
bottom fiber may have exceeded the idealized yield but 
not reached the crushing strain. The force diagram 
of this case is shmm in Fig. 7 .8b. Since e has not 
c 
reached its crushing value, a trapezoidal stress block 
is used. In the figure t 5 defines the distance from the 
neutral axis to the concrete fiber where the strain 
is equal to e 
cy Equation-7.23 remains applicable. 
The forces in the concrete and the reinforcing bars 
are: 
I 
eel = f (kllt4 - 0.5 ttf - t5) wel (7.27a) c 
I 
cc2 = 0.5 f t5 wel (7.27b) c 
I 
cs2 = (cr - f ) As2 (7. 27c) s2 c 
t5 = 
€ 
cy t 
8 tf + 8 sl 4 
(7.27d) 
Tsl = 
y 
crsl Asl (7.27e) 
ctf = 0 tf Atf (7 .27£) 
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where 
c = total concrete force corresponding to the 
cl 
I 
block of uniform stress f 
c' 
cc2 = total concrete force in the stress triangle 
of Fig. 7.8b corresponding to the distance 
t 5 , and 
CsZ = total compressive force in Asz minus the 
corresponding concrete force in the same 
area; if the concrete stress at the As2 level 
I 
is smaller than f , it will be conservatively 
c 
I 
taken as f . 
c 
Equations 7.27e and 7.27f are identical to Eqs. 
7.24a and 7.24d, respectively. The equilibrium of the 
horizontal forces gives the expression for crtf. 
u 
1 € l + 0.5 € 
= f s cy 
c u 
8 tf + 8 sl 
A 1 I As2 
+ cr Y _s_ - (cr - f ) 
sl Atf s2 c Atf 
Fcl + F c2 + H c 
+ 
cf cf tf (7.28) 
Atf 
Again, the neutral axis can be located by trial. In this 
case only the stress crs 2 needs to be assumed. After the 
forces are calculated, the ultimate moment capacity is 
computed by 
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(7.29) 
If the top steel flange Atf is relatively small, 
the plastic hinge B may be formed because of the crushing 
of the concrete (Fig. 7.8c). By the same procedure as 
employed previously, the following equations are arrived: 
0.003 k = -~.;;...;;....;;;....___ 
u e:sl + 0.003 (7.30) 
Tsl = 0 sl Asl (7.3la) 
c = 0.85 f ~1 kut6 wel c c (7.3lb) 
I 
cs2 = (cr - 0.85 f ) As2 s2 c (7 .3lc) 
ctf = 0t~ Atf (7.3ld) 
where t 6 = tc - t 1, the distance from Asl to concrete 
extreme compressive fiber. The expression for the 
stress in bars Asl is: 
I 
0.00255 fc ~l t w 
• 6 el + 
e:sl + 0.003 
Atf +cry __ 
tf A -
sl 
Asl 
F cl + F c2 + H c 
cf cf tf 
Asl 
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(7.32) 
When locating the neutral axis by trial using Eq. 7.32, 
only the stress crs 2 needs to be assumed for the first 
trial. The ultimate moment capacity at hinge B is 
M~ Tsl (1 ~ ku)t 6 + Cc(l 0.5 ~ 1)kut 6 
+ Cs2(kut6- t2) + (Ctf- Ht~)(kut6 + 0.5 ttf) 
cl - c2 -
+ Fcf (tee- kut6) + Fcf (tpc- kut6) (7.33) 
(e) Determination of Interior Hinge Locations 
Since the magnitudes of Me Mi c i depend M and M all p' p' u u 
upon the hinge locations cl and c2, ~vhich in turn are 
functions of these ultimate moments, the determination of 
c 1 and c2 must be conducted by iteration •. The following 
process is suggested: 
(1) 
(2) 
Assume c 1 = c 2 = a/2. 
\ cl ~ il "' c '-"i . 
Compute O"fif,, crbf , li'f and H}if, w~th crt from 
Eqs. 
~ ~c2- , ~2 . 
7.2 and 7.5; and Fbf, and Fbf'' w~th Vt from Eq~ 
~ c "'i Compute M, and M~. 
P'- p" 
7.6. 
"\... cl , il (3) In a way similar to step (2), compute F'f, F'f, 
c' . c ' 
H c H"-.~f· , F'-.c2 and ~2 . Compute Mi by Eq. 7. 22, and Me ~J: _t_, cf, · cf'- u u 
by Eq. 7.26, 7.29 or 7.33, whichever is applicable. 
(4) Compute c 2 and c1 by Eqs. 7.8. 
(5) Repeat steps 2 through 4 until satisfactorily 
steac:Iy values of c 1 e.nd c2 are obtained. 
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(6) Compute optimal angle 0 and the associated 
0 
at and Vt by Eqs. 7.4 or 7.9. Repeat steps 2, 3 and 
4 using the optimal values of at and Vt until satis-
factorily steady values of c 1 and c2 are obtained. 
By using the values of c1 and c2 obtained from step 
6, the tension field shear capacity of the panel of 
one web, vt, is determined. 
The ultimate shear capacity of the panel of one web 
is the sum of the buckling and post-buckling contri-
butions. 
v = v + vt 
u cr 
( 7. 34) 
The ultimate load P , which causes failure of the panel 
u 
of two webs of the box girder (Fig. 7.1), is computed by 
p = 
u 
2 v 
u (7.35) 
where a is a factor defining the location of the load. 
7.2.2 Strength by Flange Failure 
A.box girder panel, subjected to bending moment and shear 
without external load on the panel, has a bending moment higher 
at one end than that at the other. The bottom flange may 
yield or the concrete deck may crush at the end of the higher 
moment before full development of the tension field. 
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At the web panel buckling, normal stress and force in the 
steel bottom flange and in the composite top flange are, 
respectively, 
V (L - zl) ybf 
= ~c~r~~~----~~ 
I /2 (7.36a) 
X 
(7.36b). 
cr 
For simplicity, Fcf is computed at the plastic centroid instead 
of at the elastic centroid. The additional tensile force needed 
to cause yielding of the bottom flange in the width we2 is 
(7.37a) 
and the additional compressive force needed to cause failure of 
the combined compression flange section (wel) is 
~Fcf ~· F.u- F cr (.7~37b) 
cf cf 
where Fe~ is from Eq. 7.16b. If the smaller of ~Fbf and ~cf is 
denoted as ~F which controls the strength, then the shear strength 
corresponding to the failure of the flange is 
+ t ) 
= ----------~p_c_ 
I 
~F (b 
(7.38) 
Equation 7.38 is conservative in that the capacity of the web in 
resisting bending after buckling has been neglected. However, 
it is unconservative in that the normal force in the concrete 
deck due to incomplete tension field have been also neglected. 
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I 
These effects are assumed to compensate each other. The 
ultimate shear capacity of one web is the sum of the buckling 
strength and V f" 
v = v + vf 
u cr 
The ultimate load, Pu, can be computed by Eq. 7.35. 
(7.39) 
For most composite box girders the neutral axis i.s close 
to the concrete deck, thus yielding of the bottom flange occurs 
prior to failure of the compression flange. Because most of 
the structural steels have good ductility and are capable of 
strain hardening, unless the bottom flange plate is very thin, 
the final failure of composite box girders in bending would 
most likely be by crushing of the concrete deck with bottom 
flange stresses in the strain hardening range. In this case, 
the 6Fbf value computed using crb~' the ultimate tensile strength 
of the bottom flange plate, in place of the crb~ term in Eq. 7.37a 
would be larger than the t::.Fcf from Eq. 7.37b. Thus the latter 
would be used as 6F in Eq. 7.38 for strength computation. 
7.2.3 Strength by Full Plastification of the Cross Section 
If a web panel does not buckle prior to the yielding of 
the bottom flange within that panel, the yielding may penetrate 
into the webs and result in full plastification of the cross 
section. Let T and cr be the average shear and the normal 
stress at the general yielding of the web, as shown in Fig. 
7.9, then the ultimate shear capacity of one web is 
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V = -r A (7.40) 
u w 
and from the von Mises 1 s yield condition, 
(7.41) 
where v = cr A /.[3 is the plastic shear of the Heb. p yw w 
Figure 7.9 depicts two cases of plastification: one with 
neutral axis in the webs and the other in the concrete deck. 
For the case where the neutral axis is in the webs, Fig. 7.9a, 
the forces in half of the equivalent cross section are computed 
by 
where 
I 
c = 0.85 f A (7.42a) 
c c g 
(cr Y -
I 
csl = 0.85 f ) Asl (7 .42b) sl c 
(cr Y -
I 
c = 0.85 f ) As2 (7.42c) s2 s2 c 
ctf = 
y 
crtfAtf (7.42d) 
c = cr t (k d - t - ttf) (7 .42e) w w u c 
T = cr t [(1 - k ) d - 0.5 tbf] (7 .42f) w w u 
Tbf = 
y 
crbf Abf (7.42g) 
C , T = the compressive and tensile force in the web 
w w 
portion above and below the neutral axis, respectively, 
d = tc + ttf + b + 0.5 tbf' and 
Tbf = the tensile force in the bottom flange in the 
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The condition of equilibrium of horizontal forces enables the 
evaluation of the coefficient k for determining the neutral 
u 
axis. 
k = k 
u 1 --(J (7 .43a) 
where 
(7.43b) 
(7 .43c) 
The ultimate moment of half of the equivalent box girder 
cross section is given as 
where 
1 (kl d - t )"2 vl =- t t -2 w c tf 
1 2 
v2 =2 t [(1 - kl) d - 0.5 tbf] w 
m5 = s 1 t d2 w 
m = 1 cc (kl d - 0.5 tc) + csl (kl d - tl) 
+ cs2 (kl d - tc + t2) + ctf (kl d 
- tc - o.5 ttf) + Tbf (1 - k1)d 
1 
m2 = 2 s 1 tw d [(1- 2k1)d + tc + ttf- 0.5 tbf] 
1 
m3 = - s t d (k1 d - t - t ) 2 1 w c tf 
1 
m4 = 2 s 1 tw d [(1 - k1)d - 0.5 tbf] 
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(7.44a) 
(7 .44b) 
(7 .44c) 
(7.44d) 
(7 .4l~e) 
(7 .44£) 
(7 .44g) 
(7.44h) 
(7 .44i) 
By the equilibrium of internal and external moments at 
the panel boundary z = z1 (Fig. 7.1~ it is derived 
v 
u 
-= 
v p 
(7.45) 
Equation 7.45 in conjunction with the interaction equation, Eq. 
7.4l,can be used to solve for V and cr graphically. With 
u 
V /V as the ordinate and cr/cr the abscissa, the intersecting 
u p ~ 
point of the two curves gives the solution values of V /V and 
u p 
cr/cr After V is determined, the ultimate load P can be 
~ u u 
computed by Eq. 7.35. 
For the case where the neufral axis is in the concrete 
deck (Fig. 7. 9b), the forces are 
I 
c = 0.85 f [31 k d wel (7 .46a) c c u 
.... ' 
y' . I 
csl (crsl - 0.85 f ) Asl (7~46b) c 
T~2 = y cr s2 As2 (7 .46c) 
Ttf = 
y 
cr tf At£ (7 .46d) 
T = crA (7 .46e) 
w w 
Tbf = 
y 
crbf Abf (7 .46£) 
By the same procedure as employed previously, the following 
equations are arrived: 
(7 .47a) 
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where 
v3 2 m7 
M = --. cr + (v 4 + v 5 + -£, ) cr + m8 u f c 
c 
where 
v = 4 
v 2 1 v3 cr (.£_)2 u c f rw -= 
v V (L - z ) cr c yw p p 1 
m7 (g_) + m8] + (v4+v5+-,) cr yw cr f yw 
c 
(7.47b) 
(7.47c) 
(7 .48a) 
(7.48b) 
(7.48c) 
(7 .48d) 
(7 .48e) 
(7 .48£) 
(7.49) 
Again, Eqs. 7.41 and 7.49 are used for solving V and cr by the 
u 
graphic method and the ultimate load P is then determined by 
u 
Eq. 7.35. 
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Because the tension (bottom) flange is capable of strain 
hardening, and contributes a large portion of the ultimate 
moment of the cross section, the moment capacity computed 
without considering the hardening effects underestimates the 
strength. To incorporate the strain-hardening contribution of 
the bottom flange, the yield stress crb~ in Eqs. 7.42g and 7.46£ 
be replaced by the strain-hardening stress st All other can 0 bf . 
equations for the evaluation of ultimate shear capacity V 
u 
· h H · st · d d h · rema1n t e same. owever, s1nce crbf 1s epen ent on t e stra1n, 
the solving of V /V must be by repetition. 
u p 
7.3 Composite Box Girders under Shear and Negative Bending 
A composite box girder subjected ·to negative bending is shown 
in Fig. 7.10. Based on the results of elastic analysis and experi-
ments (Chapter 5), the partial deck thickness in conjunction with 
the equivalent top flange width wel are adopted for stress evaluation 
up to web buckling. Thereafter, only the reinforcing bars in wel are 
considered effective. For the bottom, compressive flange with 
adequate longitudinal and transverse stiffeners to prevent local 
buckling(2 •14), the equivalent width we2 by shear lag analysis is 
assumed. If the longitudinal stiffeners are insufficiently provided, 
. ff . . d h b b t d (7. 17) d d d B an e ect1ve w1 t e2 may e compu e an a opte . ecause 
the effective width is stress dependent, that computed at yield 
· stress is conservatively used in this analysis for the ~veb buckling 
and post-buckling stages, flange failure, or full plastification 
of the cross section. 
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7.3.1 Strength by Web Failure 
For each half of the effective box girder (Fig. 7.10), the 
web tension field shear capacity Vt and the locations of the 
interior plastic hinges in the flanges, c 1 and c2 , are computed 
by the same formulas (Eqs. 7.6, 7.8 and 7.9) as derived for 
the positive bending condition. However, the axial stresses and 
forces at the plastic hinges are different and have to be 
computed. 
At the onset of web buckling, the normal stress at the 
corner hinge D of the bottom flange (Fig. 7.10) is computed by 
cl v (L - zl - a)Ybf cr 1 
0 bf = I /2 (7. 50a) 
X 
and that at the interior hinge F is by 
where 
il v (L - ~-1 - a+ c2)ybf cr 1 
0 bf = I /2 
(7 .SOb) 
X 
V = shear buckling strength of the panel ABCD of one 
cr 
web, 
z 1 =distance from the left support to the left boundary 
of the panel in consideration, 
y = distance from the mid-thickness of the bottom 
bf 
flange to neutral axis of the effective box girder 
cross section, and 
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I = moment of inertia, computed using the partial deck 
X 
thickness about the horizontal, centroidal (x) axis 
of the same effective box girder cross section. 
Since the concrete deck is subjected to tension, the axial 
forces induced in the deck are assumed to be taken only by the 
reinforcing bars and the top steel flanges. The elastic centroid 
of the reinforcing bars and top steel flanges is sho~vn in Fig. 
7.11 and is located by 
where 
t 
ec 
t = distance from the mid-thickness of the top steel 
ec 
flange to the elastic centroid, and 
Ats =At£+ Asl + As 2 ' the sum of the areas of one top 
steel flange and all the reinforcing bars in the 
width we1 . 
At the corner hinge B the axial force in the width wel is 
computed by 
F cl 
cf 
and at the 
Fil 
cf 
v (Ll -zl)(ytf+ tee) cr A = I /2 ts 
X 
interior hinge E by 
V (L - z - cl)(ytf +tee) cr 1 1 
= I /2 
X 
A ts 
(7.52a) 
(7.52b) 
Above the web buckling load, the axial forces due to 
tension field action at the corner hinges D and B (Fig. 7.10) 
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are given by Eqs. 7.13 and 7.14. Those at the interior hinges 
F and E are computed from Eqs. 7.15. 
Equilibrium of external moment creates normal forces 
c2 i2 c2 F i2 Fe£ , Fe£ , Fbf and bf at the corner and interior hinges of 
the top (tension) and the bottom (compression) flanges. The 
2 i2 forces Fe~ and Fe£ are assumed to be at the plastic centroid 
of the area consisting of one top steel flange and the rein-
forcing bars (Asl and Asz) in the width wel· The plastic 
centroid is located by 
where 
t = pc 
crsi Asl(tc- tl + 0.5 ttf) + crs~ As2(t2 + 0.5 ttf) 
F u 
cf 
(7.53a) 
(7 .53b) 
t = distance from the mid-thickness of top steel flange pc 
to the plastic centroid, and 
Fe~= the ultimate concentric load of the areaAts· 
The forces created by the moment equilibrium are then obtained 
from the moment at the respective hinge locations as follows: 
F c2 vt 
(L - z - a) 1 1 
= bf b' + t 
(7 .54a) 
pc 
F i2 vt (L - zl - a + c2) 1 
= bf b' + t 
(7.54b) 
pc 
F c2 vt (Ll - zl) 
= 
cf b' + t 
(7.54c) 
pc 
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F i2 = 
cf 
V t (Ll - zl - cl) 
b + t pc 
(7 .54d) 
The total normal stress induced at the web buckling and 
post-buckling stages in the bottom flange at the corner hinge 
D is 
F c2 + c 
bf Hbf 
Abf 
and that at the interior hinge F is 
where 
Abf = tbf be2 + Ast' the bottom flange area in the 
effective width be2 plus the areas of the 
longitudinal stiffeners, if any,or 
Abf = tbf we2 + Ast' if applicable. 
(7 .SSa) 
(7 .55b) 
The modified plastic moments at the hinges of the bottom flange 
can be computed by sutstituting Eqs. 7.55 into Eq. 7.7. 
What remains to be established for the evaluation of 
tension field shear capacity V t is the equations for the 
ultimate moment capacities at the hinges of the top (tension) 
flange. At the corner hinge B, the contribution of concrete 
is ignored in computing the ultimate moment capacity because 
most of the deck is in tension. Figure 7.11 depicts the strain 
and force diagrams of the corner hinge. By the same procedure 
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as employed previously for composite box girders under shear 
and positive bending, the following equations are obtained: 
u 
€ 
sl k = l -
u 
e;tf + 
u 
e; 
sl 
(7 .56) 
Tsl = 
y 
cr sl Asl (7 .57 a) 
Ts2 = cr s2 As2 (7.57b) 
ctf = cr tf Atf (7 .57 c) 
where the forces Tsl' T52 and Ctf are those contributed by 
the steel reinforcing bars and the top steel flange in the 
width wel, and 
A A F cl + F c2 - H c 
y _!! + cr ~ _ -=c~f ____ ~c~f~--~t~f 
crsl At£ s2 At£ Atf 
(7.58) 
The neutral axis can be located by trial using Eq. 7.58. A value 
of crs2 is assumed. The top steel flange stress crt£ is then 
computed, from which the strain e:tf is obtained. The location 
of the neutral axis can be calculated by Eq. 7.56, and the 
resulting strain e:s 2 checked against the assumed crs2 value. 
The ~rocedure is repeated until satisfactory results are 
acquired. The ultimate moment capacity at hinge B in the 
width wel is-
Me 
= T (1 - ku)t4 + Ts 2 (t2 + 0.5 t - k t4) u sl tf u 
+ (C - H c) k t - F cl (t - k t4) tf tf u 4 cf ec u 
F c2 (t - k t4) cf pc u (7.59) 
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At the interior hinge E, the concrete is mostly subjected 
to compression and is assumed to be effective. The ultimate 
moment capacity of the hinge is computed in accordance with 
three different strain conditions as shown in Fig. 7.12: 
(b) 
(c) e: = e: 
c cu 
u Where e:tf is the rupture strain of the top steel flange. 
For case (a) when the top steel flange reaches rupture strain 
and the top fiber strain of concrete is below its idealized 
yield value (Fig. 7.12a) the location of neutral axis and the 
hinge forces are given by thP following equations: 
k 
u 
c 
c 
T tf 
u 
1 -
8 tf 
= 
e:sl + 
u 
8 tf 
= 0.5 f (ku t4 + c 
: (cr 1 - f ) A 1 s c s 
tl) wel 
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(7.60) 
(7.6la) 
(7.6lb) 
(7. 6lc) 
(7.61d) 
Also, from equilibrium of the forces, 
crsl :::: 
u 0.5 f E: f 
c t 
t, \v 1 4 
e + f - 0.5 f 
Asl c c 
Fil 
cf 
+ F i2 
cf - H i tf 
Again, the neutral axis can be located by trial. A 
procedure is as the follmving: 
(1) Assume fc and crs 2 . 
(2) Determine crsl and e:sl using Eq. 7.62 and the 
idealized cr- e relationship of the bars Asl" 
(3) Locate the neutral axis by Eq. 7.60. 
(7.62) 
(4) Compute ec and e:s 2 and obtain the corresponding 
stresses, fc and crsZ' from their individual idealized a - e 
relationship. 
(5) Check the computed and assumed stresses f and 
c 
crsZ' and repeat the procedure until satisfactory results are 
obtained. 
The ultimate moment at the interior hinge E in the width wel 
is given as 
i 
- 0.5 ttf- t 2] + (Ttf + Ht£)(1- ku)t4 
F il [(1 - k )t - t. ] - F iZ [(1 - k )t - t ] 
cf u 4 ec cf u 4 pc 
(7.63) 
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For the case of stf = st~ arid ecy < ec < £cu (Fig. 7.12b), 
Eq. 7.60 remains applicable. If it is defined 
E 
cy (7. 64) 
the horizontal forces at the hinge are 
(7. 65a) 
(7. 65b) 
C = (cr - f') A 
sl sl c sl (7. 65c) 
(7.65d) 
( 7. 65e). 
From the equilibrium of horizontal forces, it is obtained 
u 
€ f + 0.5 € 
= f' t cy 
c 
F il + F i2 _ H i 
cf cf tf 
Asl 
(7. 66) 
The neutral axis can be located by assuming crs2 in Eq. 7.66 and 
following the same trial procedure as employed for Eq. 7.62. The 
ultimate moment capacity at hinge E in the width wel is 
i 2 
Mu = 0 · 5 eel (ku t4 + tl + t5) + J Cc2 t5 + Csl ku t4 
+ Ts 2[(l- ku)t4 - 0.5 ttf- t 2] + (Ttf + Ht~)(l­
il 
ku)t4 • Fcf [(1 - ku)t4 -tee] 
F i 2 [(1 - k )t4 - t ] cf u pc ( 7. 6 7) 
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For the case where the concrete is crushed, ec = e: 
cu 
(Fig. 7.12c), the equations are 
k 0.003 = u e:tf + 0.003 
I 
c = 0.85 f sl ku t3 wel c c 
I 
csl = (cr - 0.85 f ) A sl c sl 
and 
0.00255 f sl t3 w 1 I c e + (crsl - 0.85 f ) 0 tf = e:tf + 0.003 Atf c 
A Fil + F i2 i 
_g+ cf cf - Htf 
- C1 
Atf s2 Atf 
(7.68) 
(7.69a) 
(7. 69b) 
(7. 69c) 
(7.69d) 
Asl 
Atf 
(7.70) 
The neutral axis can be determined by the same trial procedure 
as that for Eq. 7.21. The ultimate moment capacity at the 
interior hinge E in wel is given as 
When the expressions for the ultimate moment capacities 
at the hinges are derived, the interior hinge locations c 1 and 
c2 can be determined by the same iterative process as that 
employed for a panel in the positive moment region. 
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Finally, the ultimate shear strength of the panel of one 
web (V ) and .the corresponding ultimate load (P ) causing 
u . u 
failure of a box panel of two webs (Fig. 7.10) are respecti~ely 
v = v + vt 
u cr 
( 7. 72) 
p = 2 v 
u u 
(7. 73) 
7.3.2 Strength by Flange Failure 
At errd BC of panel ABCD in Fig. 7.10, the bending moment 
is higher than that at end AD. The steel bottom flange or the 
effective top tension flange of reinforcing bars plus the top 
steel flanges may yield at the end of higher moment prior to 
the failure of the web. 
At web panel buckling the normal stress and force in the 
bottom flange and in the effective top tension flange are, 
respectively, 
= 
v 
cr 
I /2 
X 
A ts 
(7.74a) 
(7. 74b) 
The additional compressive force to cause yielding of the bottom 
flange in the effective width be2 (or we2) is 
(7. 75a) 
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and the additional tensile force to cause yielding of the 
effective tension flange in wel is 
where Fe~ is from Eq. 7.53b. The smaller value of~ Fbf and 
6 Fcf' designated as 6 F, controls the flange failure. Thus, 
the shear capacity contributed by the failure of the flange is 
~ F(b' + t ) 
V = ----------~P~C-
f Ll - ?.1 
The ultimate shear capacity of the panel of one web is 
v = v + vf 
u cr 
and the ultimate load, P , is given by Eq. 7.73. 
u 
7.3.3 Strength by Full Plastification of tlte Cross Section 
(7.76) 
( 7. 77) 
If the top steel flanges yield in tension before the 
webs buckle, full plastification of the cross section may 
result. The web shear strength and th.e yield conditi.on as 
given by Eqs. 7.40.and 7.41 are still applicable. 
Figure 7.13 depicts the case of plastification where 
t~1e neutral axis is in the webs. The forces at full plasti-
fication are: 
Tsl = (J y Asl (7.78a) sl 
Ts2 = 
(J y 
As2 (7.78b) s2 
Ttf = 
y 
(Jtf Atf (7. 78c) 
-117-
T_ = crt (k d - t - t ) 
T,•] w u c tf (7. 78d) 
(7. 78e) 
C - ,... y A bf - ubf bf (7. 78f) 
These forces are acting in half of the effective cross section. 
The neutral axis is located by 
k = k 
u 1 --a 
where k 1 is given by Eq. 7.43b, and 
1 
2d t 
w 
( 7. 79a) 
(7. 79b) 
The ultimate moment of half of the effective cross section 
is 
(7 .80a) 
where v 1 and v2 have been given in Eqs. 7.44b and 7.44c, and 
(7 .BOb) 
(7 .80c) 
+ Ttf(kl d - t - O.Sttf) + Cbf(l - k 1)d c (7.80d) 
1 
t d[(l - 2k1)d + tc + ttf - 0.5 tbf] m10 =- s 2 2 w (7 .80e) 
1 
tw d(k1 d - t ttf) mll =- s -2 2 c (7.80f) 
1 d[ (1 - kl)d - 0.5 tbf] m12 =- s t 2 2 w (7.80g) 
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The equilibrium of internal and external moments at the 
panel boundary z = z 1 (Fig. 7.10) gives 
v 1 u [(vl + v2) (Q_) = (J 
v Vp(Ll- z.l) yw (J p yw 
5 2 ml3 (J (~) + ml4] (7 .81) (J (J 
yw 
Equation 7.81 is limited by the yield condition of Eq. 7.41, and 
can be solved graphically for V and (J as described before. 
u 
The ultimate load is twice the value of v· (Eq. 7.73). 
u 
For composite box girders with normal cross-sectional 
configuration and geometry, it is unlikely that the neutral axis 
of full plastification is in the bottom flange. If this is the 
case, it can be analyzed by the ~arne procedure as employed 
for the case where the neutral axis is in the webs. 
7.4 Local Failure of Flanges 
7.4.1 Overall Buckling of Compression Flange 
Thus far, all the equations for web failure, flange failure, 
and full plastification of a box girder cross section under 
negative bending moment have been derived on the assumption that 
the bottom flange is capable of attaining the yield stress at 
the longitudinal stiffeners. This requires that the longitudinal 
stiffeners be properly provided, that a compression flange panel 
between transverse stiffeners not buckle as a stiffened plate 
panel, and that the entire compression flange not buckle as a 
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\ unit. Th . h b d. d . 1 ( 6. 1 '6. 2) d ese topLcs ave een stu Le extensLve y an 
are not unique to composite box girders. It suffices to assume 
here that no compression flange failure occurs prior to yielding. 
7.4.2 Pull-out of Stud Shear Connectors 
It has been assumed that complete composite action between 
the steel portion and the concrete deck can be developed through 
sufficient stud shear connectors. It has also been assumed that 
the composite deck can anchor the vertical components of the 
tension field forces. These vertical components induce tensile 
forces in the shear connectors. This, in turn, may iause pull-
out of the stud connectors from the reinforced concrete deck by 
a shear cone mechanism. 
If the concrete surrounding a stud shear connector has ade-
quate space to develop a full shear cone as shown in Fig. 7.14a, 
the ultimate tensile capacity of the shear cone is< 7•14) 
where 
D 
s 
f 
c 
(7.82) 
= /2n L (L +D), the area of a full conical surface, 
e e s 
= embedment length of the shear connectors, 
= diameter of the connector head, and 
concrete strength. 
The reduction factor of 0.85 for concrete subjected to shear(?.lG) 
is not included in Eq. 7.82. When the shear connectors are 
closely placed such that the shear cones overlap (Fig. 7.14b), the 
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corresponding reduced ultimate tensile capacity of a partial 
shear cone is 
RP =4A ~ 
uc pc c 
t.;rhere A = area of the partial cone. pc 
(7.83) 
If n is the number of rm.;rs of shear connectors within 
r 
the segment c1 between the tHo plastic hinges E and B (Fig. 
7.14c), n the number of shear connectors in each row, g. the 
s ~ 
distance from ith row to the corner hinge B, P the force in 
s 
one shear connector in the row farthest from B (the first row), 
and if it is assumed that the top steel flange rotates as a rigid 
bar about hinge B where a web transverse stiffener exists, 
then by the equilibrium of moment at B: 
t 2 . 20 
p O"t w 
c1 s~n (7 .84) = 
s n 2 
.r gi 
2n L: 
s i=l gl 
If the computed c1 indicates that the tension field extends 
over the entire panel at the web-to-deck junction (c1 ~a), 
then the maximum deflection between the steel top flange and 
the concrete deck is at mid-panel (Fig. 7.14d), and Eq. 7.84 
becomes 
t 2. . 20 O"t a s~n 
p w (7 .85) = s n 2 
r g. 
8n L: ~ 
s i=l gl 
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\ 
• 
The force P must be smaller than P or RP , whichever is 
s uc uc 
applicable, in order to avoid separation between the concrete 
deck and the top steel flanges through the formation of shear 
cones. 
It is worth noting that the equivalent flange widths, wel 
and weZ' used in this chapter are obtained from the procedure 
developed in Chapter 2 where no web buckling is involved. For 
the strength of a girder governed by web failure, web tension 
field develops in the panel in question. The portion of con-
crete deck and bottom flange within the length of that panel is 
subjected to the vertical components of the tension field 
stresses in addition to the normal forces developed for equili-
brium with the external moment. Because of the pulling due to 
web tension field action, the equivalent widths at the plastic 
hinges in the flanges may be smaller than those obtained from 
the procedure of Chapter 2. However, owing to lack of better 
information, the effect of the vertical pulling from the tension 
field on the equivalent widths of the flanges is neglected in 
the present derivations. 
7.5 Results and Comparisons 
The method developed in this chapter is for evaluating the ulti-
mate strength of composite box girders subjected to flexural loading. 
It can be applied to composite plate girders, steel box girders, an1 
unsymmetrical and hybrid steel plate girders as well. The 
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experimental strength of tHo box girders are compared here Hith the 
results of computation according to the procedure developed in this 
chapter. 
The composite box girder Dl(5 •1)(Fig. 5.1) ~-1as tested to failure 
by a symmetrical flexural load at midspan. The material properties 
of this girder are listed in Table 5.1. The analysis indicated that 
the bottom flange at midspan would yield before the buckling of web 
panel 7 or 8 and full plastification of the cross section would govern 
the strength. The neutral axis ~-1as in the concrete deck, thus Eqs. 
7.46 to 7.49 were employed. An ultimate load of 254.1 kN (57.1 kips) 
for P was obtained. However, at this load the bottom flange was in 
u 
the strain hardening range. By assuming that the onset of strain 
hardening was at 12 eb~ (0.0126) and the hardening modulus was 4826.5 
MN/m2 (700 ksi), an ultimate load of 324.0 kN (72.8 kips) Has ob-
tained. This computed load is 6.3% lower than the measured value of 
345.8 kN (77.7 kips). A further improvement to the computed value 
could be made by considering the strain-hardening effects in ·the webs. 
A small steel box girder specimen (M2) was tested to failure in 
flexure by Corrado( 1 •18 •1 •19). The details of the specimen are shown 
in Fig. 7.15. The material properties were: 
2 (30.50 ksi) (Jyw = 210.3 MN/m 
y 2 (32.50 ksi) (Jtf = 224.2 MN/m 
y 2 (31. 34 ksi) (Jbf 216.1 MN/m 
E = 203,550 MN/m2 (29, 500 ksi) 
\) 0.3 
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\ 
The interior hinge locations c 1 and c2 and the optimal tension field 
inclination angle 0
0 
are calculated to be: 
Panel 4 Panel 5 
cl = 62.7 mm (2.47 in.) cl = 70.6 mm (2. 78 in.) 
c2 = 18.3 mm (0. 72 in.) c2 = 18.8 mm (0.74 in.) 
0 = 36.7° 00 = 30.0° 0 
The computed ultimate capacity of 10.59 kN (2.379 kips) is comparable 
to the measured value. The measured ultimate load lies between 
10.46 kN (2.35 kips) and 11.79 kN (2.65 kips) because of relaxation 
of the solder joints of the specimen and nonzero strain rate. For 
this model box girder, Corrado estimated an ultimate load of 10.50 kN 
(2.360 kips) using Eq. 6.1 for buckling strength computation. The 
buckling loads are computed here by interpolation from Figs. 6.3 and 
6.4 (R =- 2.56, cr2 /~ = 0.87, and a/b = 1.33). The results are c c 
listed in Table 7.1. 
No experimental study could be found in the literature on the 
ultimate strength of composite plate girders. It appears that 
testing of thin web composite plate girders and additional testing of 
composite box girders in flexure are needed for better confirmation 
of the theoretical development of this study. 
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8. STRENGTH OF CO}WOSITE BOX GIRDERS UNDER 
FLEXURAL A~~ TORSIONAL LOADING 
Vertical loads eccentric with respect to the shear center of a 
box girder induces both flexural and torsional stresses. The shearing 
stresses increase in one of the two webs and decrease in the other 
web when flexural and torsional effects are combined. The web with 
increased shearing stresses is closer to the load, and is designated 
as the near web. The other web with decreased shearing stresses is 
farther from the load, and is designated as the far web. The addition 
of torsional moment to the flexural loading causes the failure mode 
of the box girder to be unsymmetrical with respect to its vertical 
centroidal axis. The mechanism of web and flange failures of one 
side of the box girder, however, remains the same as that for a com-
posite plate girder. 
Since the buckling load of the near web in a thin-walled com-
posite box girder is generally exceeded, and the tension field action 
takes place in the development of ultimate strength, full plastifica-
tion of the box girder cross section under the interaction of flexural 
and torsional loading normally does not occur and is not considered 
here. Furthermore, it is assumed in the following analyses that 
external loads are applied at transverse diaphragms such that the 
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\ distortional stresses are negligible in the pre- and post-buckling 
states of the web behavior (Chapter 4). The web deformation during 
the attainment of full tension field action need not be considered 
because the web behavior has been implicitly incorporated in the 
tension field. This condition is borne out from ultimate strength 
evaluation of model box girders(l.l8). 
8.1 Composite Box Girders under Positive Bending and Torsion 
Because shear lag effects are related to bending only, the 
flange equivalent widths, wel and we2 in Fig. 7.2 remain applicable 
throughout the strength evaluation concerning the flexural effects. 
For the torsional response of a box girder, the entire width of each 
of the component plates (flanges and webs) is considered effective so 
long as the depth-to-length or width-to-length ratio of the plate is 
b d b (2.8,3.8) not so excessive as to ecome a eep earn • 
Strength of the box girder may be governed by web or flange 
failure, and is controlled by the relative magnitude of bending 
moment versus torsion. These cases are treated separately and in 
stages so as to cover different combinations of loading and geometry 
characteristics of composite box girders. 
8.1.1 Strength by Web Failure 
A. Stage 1 - Near Web Buckling 
As for the case of flexural loading alone, the flexural 
shearing stress throughout the depth of the web is approximated 
by an average, uniform value. The St. Venant torsional shear 
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is by nature constant over the depth, Hhereas the distribution 
of warping torsional shear is nonuniform (Fig. 3.3). For 
simplicity, the warping torsional shear is assumed uniform 
throughout the web depth Hith a magnitude equal to the average 
of the shearing stresses at the top and the bottom of the web. 
The near web reaches its buckling load first. If v 1 is 
the box panel shear contributed by the two webs at which the 
near web buckles, its magnitude can be computed using the 
stresses at the midpanel (in terms of v 1 and calculated by the 
procedures of Chapters 2 and 3), and employing the buckling 
coefficient from Chapter 6. The corresponding stresses in the 
component parts of the box girder can then be computed~ 
At the panel boundary z = zi, as shoHU in Fig. 8.1, where 
the bending moment is higher, the flexural normal stress and 
force in the bottom flange and the combined top flange are, 
respectively, 
(1) vl (L - zl)ybf 
(Jbf = I (8.la) 
X 
F (1) vl (L - zl)(ytf + t ) At 
= 
pc 
. -
cf I n (8.lb) 
X 
Equations 8.1 are equivalent to Eqs. 7.36. In the bottom flange, 
the St. Venant torsional shear is constant and the warping tor-
sional shear is nonuniform across the width (Fig. 3.3). The 
warping torsioal shear may be simplified as uniformly distributed 
with a magnitude equal to the average of the values at the middle 
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of the bottom flange and at the bottom flange to web junction. 
The total uniform shearing stress in the bottom flange at z = z1 
is thus given by 
where 
A = the enclosed area of the box, 
0 
(8.2) 
a 1 = a coefficient by the procedure of Chapter 3 for 
computing the assumed uniform warping shear, 
e = the eccentricity of the load with respect to the 
shear center (Fig. 8.1), and 
tbf = the thickness of the bottom flange 
Above v1 , tension field action initiates in the near web. 
The tension field shear capacity V~ of the near web panel can 
be computed by the equations of Chapter 7 using half of the 
equivalent cross section. The effects of the torsional shearing 
stresses and warping normal forces in the concrete deck and in 
the bottom flange on the plastic moment capacities at the hinges 
will be neglected. The tension field shear capacity of the 
panel is not influenced appreciably by these effects. 
n Before the attainment of Vt' the far web may buckle or the 
bottom flange may yield. 
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B. State 2a - Far Web Buckling 
After buckling of the near \veb, the remaining box girder 
cross section consisting of the equivalent flanges and the 
far web as shown in Fig. 8.2a may be considered effective in 
resisting bending. The bending is assumed to take place about 
the horizontal, centroidal (x 1 ) axis of this effective cross 
section. The entire cross section is considered still 
effective in resisting torsional warping. 
Let VZa' beyond v 1 , be the box panel shear of two webs 
which causes buckling of the far web panel. By combining the 
stresses induced in Stage 1 with those created in Stage 2a 
(in terms of v2a) and by using the buckling coefficient charts 
of Chapter 6, the magnitude of v2a can be determined. The 
stresses and force induced in the flanges at this stage are 
defined by equations similar to Eqs. 8.1 and 8.2. 
v2a (L - zl)ybf I 2a 
(Jbf = I I (8. 3a) 
X 
(L - zl) (ytf 
I 
tpc) F 2a v2a + At 
= 
cf I I n (8. 3b) 
X 
and 
v2ae 2a (-1- + al) Tbf = 2A tbf 0 
(8.4) 
where 
ybf 1 = the distance from the horizontal, centroidal (x 1 ) 
axis of the effective cross section to the mid-
thickness of the bottom flange (Fig. 8.2), 
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ytf = the similar distance to the mid-thickness of 
the top steel flange, and 
I = the moment of inertia about the x 1 -axis of 
X 
the effective cross section. 
With the buckling stresses determined, the tension field 
. f 
shear capacity of the far web panel, Vt, can be computed in 
n 
a way similar to that for vt. 
The shear force carried by the near web during this stage 
is 
lvhere 
b = web clear height, and 
a 2 = a coefficient for determining the assumed 
constant warping shear flow in the web. 
C. Stage 2b - Bottom Flange Yielding 
(8 .5) 
The bottom flange may yield before the far web buckles. 
If v2b, in addition to v1 , is the box panel shear of two webs 
causing yielding of the bottom flange at the panel boundary 
z = z1 , the stresses and force induced in the bottom flange 
and the top combined flange during this stage are 
v2b (L - zl)ybf 
I 
2b 
.crbf = I I (8. 6a) 
X 
(L - zl)(ytf 
I 
t ) 
F 2b v2b + 
A pc t 
= 
cf IX I n 
(8. 6b) 
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(S. 7) 
By combining the stresses in the bottom flange created in the 
Stages 1 and 2b (Eqs. S.la, S.2, S.6a and S.7), and intro-
ducing the resulting stresses into the von Mises's yield 
condition, it is obtained 
v2b = 
-a7 +)a~ - a6 as 
a6 
(S.Sa) 
where 
2 2 
a6 = a4 + 3a5 (8 .8b) 
2 
a7 = (a3a4 + 3a5) vl (8.8c) 
2 2 i- y 2 as = (a3 + 3a5) (obf) . 1 (8.8d) 
a3 = (1 - zl) Yb/Ix (8.8e) 
I I 
a4 = (L - zl)ybf11x (8.8f) 
a5 = (_1_ + al)e/tbf 2A (8.8g) 
0 
Since the far web has not yet buckled, the cross section is 
capable of attaining full plastification. The shear force taken 
by the near web is obtained as 
n v2b 1 
v2b = -2- + b (2A + a2) v2be 
0 
(8. 9) 
For additional loading after stage 2a or 2b, it is assumed 
that the cross section can warp freely because both webs have 
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buckled (Stages l and 2a) or the bottom flange has yielded 
(Stages land 2b). As a result, no additional warping stresses 
are assumed to be produced. 
D. Stage 3 - Near Heb Reaching V~ 
Let v3 be the box panel shear of two webs above v2a or v2b 
causing near web panel to reach its tension field shear 
n 
capacity Vt. If Stage 2a prec~des this stage, v3 is given as 
2 (Vn - V n) 
t 2a (8 .10) 
The corresponding shear force carried by the far web panel 
is 
f v3a b V ( l ~) 3a = 2 - A 
0 
On the other hand, if Stage 2b precedes this stage, v3 is 
given as 
1 + eb A 
0 
(8.11) 
(8.12) 
It is not necessary to obtain the corresponding shear force 
carried by the far web if Stage 3 is preceded by Stage 2b, 
as failure of the far web is unlikely to take place. 
E. Stage 4 - Flange Mechanism 
Plastic hinges must form in the flanges in order for the 
web panel to fail (Chapter 7). Because of the continuity of 
the concrete deck and the bottom flange in the transverse (x) 
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• 
direction, flange segments c1 and c2 can not rotate freely 
even when the plastic moments at the hinges are attained. 
Based on observed behavior during testing of composite 
b . d (3. 9) f . 1 h . f h d k ox gLr ers , a aL ure mec anLsm or t e concrete ec 
and the bottom flange as sho\m in Fig. 8.3 is assumed. Longi-
tudinal yield line in the concrete deck is considered to develop 
at the inner edge of the equivalent width wel' with length 
equal to c 1 . Similar yield line with length equal to c2 is 
assumed to develop in the bottom flange. The additional shear 
strength of the near web panel due to these yield lines is 
c 1 m c 2 m V ~--~u + p y.£ = Xl Xz (8. 13) 
where 
m = transverse ultimate moment per unit longitudinal 
u 
length of the concrete deck, 
xl = distance from the near web to the longitudinal 
yield line of the deck, 
m = transverse plastic moment per unit longitudinal p 
length of the bottom flange, and 
x2 = distance from the near web to the longitudinal 
yield line of the bottom flange. 
The box panel shear of bvo webs as contributed by Vy.£ is 
= 2Vy.£ 
1 + eb A 
0 
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(8.14a) 
/ 
t. 
If the development of the near Heb failure is follmving 
the far web Luckling, Stage 2a, and if the load eccentricity 
e is small, the tension field shear capacity of the far web 
may be reached before the formation of the longitudinal yield 
lines in the concrete deck and bottom flange. v4 is then 
given by 
1 _ eb A 
0 
(8 .14b) 
The smaller value of v4 from Eqs. 8.14a and 8.14b governs the 
failure. If Eq. 8.14a controls, the box girder strength is 
exhausted due to failure of the near web only. The far web 
is not failing simultaneously. 
If the strength development process has gone through 
Stage 2b of bottom flange yielding, v4 is given by Eq. 8.14a 
and there is no need to check the far web. 
After the near web has reached its tension field shear 
capacity V~ and before the longitudinal yield lines have 
developed in the flanges, the effective cross section for 
torsional response of the web panel becomes an open channel 
section with the near web ineffective. Thus, the torsional 
rigidity of this portion of the girder becomes lower than 
that of the remainder of the girder. This results in a re-
distribution in the torsional moment created by the additional 
load. This additional strength has been found to be 
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\ 1 
. 1 11 f h d . . d (1. 18) re at1ve y sma or t e gir er proportions 1nvest1gate , 
and it is neglected here. Ho'\vever, this contribution should 
be checked for box girders with substantially different 
proportions. 
F. Ultimate Box Panel Strength by Web Failure 
The ultimate shear strength of a panel contributed by the 
two webs is determined by one of the following equations: 
V u = V 1 + V 2a + V 3a + V 4 
and 
The ultimate load P is then computed by 
u 
p = 
u 
v 
u 
Ol 
(8. 15a) 
(8.15b) 
(8 .16) 
where a is a coefficient defining load location (Fig. 8.1). 
8.1.2 Strength by Flange Failure 
A box girder panel strength may be exhausted due to 
failure of the concrete deck or the bottom flange. To evaluate 
this strength, some assumptions are made. The shearing 
stresses induced in the concrete deck by torsion are assumed 
to be taken by the transverse and longitudinal reinforcement. 
For the bottom flange, the shearing stresses due to torsion 
must be combined with other stress components. Because the 
bottom flange often is in the strain-hardening range, isotropic 
h d • <8 • l) • d f • 1' • d h • I ar en1ng lS assume or s1mp 1c1ty an t e Von M1ses s 
yield criterion is applicable. The warping normal stresses in 
-135-
\ the deck and bottom flange are antisymmetrical (Fig. 3.3) and 
have little effect on the overall strength of either flange, 
thus are neglected. 
Based on the above assumptions, the ultimate concentric 
load in the width wel of the· combined top flange of concrete 
deck and small steel flanges is given by Eq. 7.16b. Depending 
on the process of strength development, the additional com-
pressive force after Stage 2 needed to cause failure of the 
combined flange in the width wel is computed by one of the 
following: 
"F = F u 
u cf cf 
(F (1) + F 2a) 
cf cf 
t.Fcf = F u - (F (1) + F 2b) 
cf cf cf · 
(8.17a) 
(8.17b) 
The corresponding shear capacity contributed by the failure of 
the combined flange in 2wel is 
= 2t.Fcf (b' + tpc) 
L - z 1 
where b' is defined in Eqs. 7.17. 
(8.18) 
If the bottom flange yielding (Stage 2b) took place, Eq. 8.17b 
applies and Eq. 8.18 implies that the far web is conservatively 
ignored in resisting bending moment beyond yielding of the 
bottom flange. This simplification is justified since after 
Stage 2b any additional contribution from the remaining unused 
bending capacity of the far ~-reb is small. 
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For the steel bottom flange, let 6crbf and 6Tbf be the 
additional normal and shearing stresses beyond Stage 2 which 
cause the effective stress of the bottom flange plate to rea~h 
u its ultimate tensile strength crbf" Let Vbf be the shear 
capacity contributed by 2we2 corresponding to 6crbf and 6Tbf" 
Then 
vbf (L - z 1) 6bf = 
2Abf (b' + t ) pc 
(8.19a) 
6Tbf 
vbfe 
= 2A 0 tbf 
(8 .19b) 
If the far web has buckled (Stage 2a), then by combining the 
normal stresses of Eqs. 8.1 and 8.3 with that of Eq. 8.19a, 
and the shearing stresses of Eqs. 8.2 and 8.4 with that of 
Eq. 8.19b, and by introducing the resulting stresses into the 
von Mises's yield condition, Vbf is determined as 
(8. 20a) 
where 
(8.20b) 
(8. 20c) 
u 2 (crbf) (8. 20d) 
L - z 1 = ____ ;;;___ _ 
2Abf (b' + tpc) 
(8.20e) 
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(8. 20f) 
In Eqs. 8.20 the coefficients a 3 , a 4 and a5 are defined in 
Eqs. 8.8, and Abf and tbf in Eqs. 7.18. If the strength 
development process has gone through Stage 2b, Vbf is still 
computed by Eqs. 8.20, except that the v2a value must be 
replaced by v2b. 
If the smaller of Eqs. 8.18 and 8.20 is designated as Vbf 
which controls the flange failure, then, depending on the 
failure process, the shear capacity of the panel is computed 
by one of the following: 
V u = V 1 + V 2a + V f 
v u = v 1 + v 2b + v f 
The ultimate load P is then obtained by Eq. 8.16. 
u 
8.2 Composite Box Girder under Negative Bending and Torsion 
(8. 2la) 
(8. 2lb) 
A composite box girder subjected to negative bending plus 
torsion is as depicted in Fig. 8.1. For flexural response, the 
effective flange dimensions for composite box girders under negative 
bending alone are still applicable, that is, the equivalent width 
wel and a partial thickness are used for the concrete deck and the 
effective width we2 or be2 for the bottom flange. For torsional 
response, the full width of the partial deck thickness is assumed to 
remain effective throughout the strength evaluation of web failure 
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or flange failure. The distributions of >varping torsional shear in 
the web and in the bottom flange are simplified as uniform as em-
ployed previously. 
8.2.1 Strength by Web Failure 
A. Stage 1 - Near \oleb Buckling 
The near web which is subjected.to higher shear reaches 
buckling first. The box panel shear of two webs causing 
buckling of the near web can be determined by the same pro-
cedure as described for the case of positive bending plus 
torsion. The tension field shear capacity of the near web, 
n Vt, can be computed by the method developed in Chapter 7 using 
half of the effective cross section (Fig. 8.2b). 
At the panel boundary z = z1 , the normal stress and force 
in the compressive bottom flange, and in the combined top 
flange of reinforcing bars plus two small steel flanges are 
respectively computed by 
(1) vl (Ll - zl)ybf 
"'bf = I (8.22a) 
X 
F (1) vl (L - zl)(ytf + tpc) 1 
·A = 
cf I ts (8 .22b) 
X 
Equations 8.22 are comparable to Eqs. 7.74. The shearing 
stress in the bottom flange is given as 
(8.23) 
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where a 14 is a coefficient for computing the idealized uniform 
warping shear. 
B. Stage 2 - Far Web Buckling 
In this stage the effective box girder cross section in 
resisting bending consists of the reinforcing bars in 2wel' 
the unbuckled far web, and the effective bottom flange 2be2 
or 2we2 (Fig. 8.2b). 
For torsional response, the entire steel section plus the. 
full width of partial deck is effective. Warping torsional 
stresses can be developed in addition to the St. Venant tor-
sional shear. 
If v2 , above v1, is the pa~el shear of two webs causing 
buckling of the far web, the normal stress and force created 
in this stage in the bottom flange and combined top flange are 
computed by 
I 
(2) v2 (L - 2 l)ybf 1 
crbf = I I 
X 
(8.24a) 
v2 (L - 2 l)(ytf I + t F (2) 1 EC 
cf I I (8.24b) 
X 
where 
the distance from the horizontal, centroidal (x 1 ) 
axis of the effective cross section to the mid-
thickness of the bottom flange (Fig. 8.2b), 
ytf 1 = the similar distance to the mid-thickness of the 
top steel flange, and 
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I ' = the moment of inertia about the x'-axis of the 
X 
effective cross section. 
The corresponding shear stress in the bottom flange is 
(2) 
'fbf (8.25). 
The shear force carried by the near web panel corresponding 
(8. 26) 
where a 15 is a coefficient for determining the assumed constant 
warping shear through the web depth. 
C. Stage 3 - Near Web Reaching V~ 
At the onset of Stage 3, when both webs are loaded above 
their buckling load, the capability of the box section to 
resist warping is reduced thus no additional warping torsional 
stresses are assumed. 
If v3 is the panel shear of two webs causing the near web 
n to reach its tension field shear capacity Vt, then 
(8. 2 7) 
The capacity V~ is computed in a way similar to that used for 
a panel subjected to positive bending plus torsion. 
-141-
The. shear force carried by the far \veb corresponding to 
v3 is 
f v3 (1 - eb) (8.28) v3 2 A 
0 
D. Stage 4 - Flange Mechanism 
As for the case of positive bending plus torsion, total 
failure of one side of the box must include the failure of the 
flanges. The yield lines similar to those of positive bending 
plus torsion are also assumed for the failure mechanism of the 
deck and the bottom flange. The additional shear strength of 
the near web as contributed by these yield lines is the same 
as given by Eq. 8.13. The panel shear of two webs contributed 
by Vy~ is v4 which is given by Eq. 8.14a. 
It is also possible that, instead of developing the yield 
lines in the flanges, failure of the far web takes place. 
Then, v4 is given by: 
2(V~ - V 3 n) v = -__;;;,---:__.::'--4 
1 
_ eb 
A 
0 
(8. 29) 
The smaller of Eqs. 8.14a and 8.29 causes the exhaustion of the 
box girder strength. 
E. Ultimate Panel Strength 
The ultimate strength of a panel due to web failure is the 
sum of the results from all the stages •. 
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v 
u 
(8. 30) 
which is the ultimate load of the box girder under the given 
loading condition. 
p 
u 
v 
u 
8.2.2 Strength by Flange Failure 
(8.31) 
Failure of a flange may occur after Stage 2 when both webs 
have buckled. Under this condition, no additional warping 
stresses are assumed to be generated. Additional St. Venant 
torsional shearing stresses in the bottom flanges are con-
sidered. 
The additional tensile force needed to cause yielding of 
the combined top flange in wel is 
AFcf = F u - (F (l) + F (2)) (8.32) 
cf cf cf 
where Fe~ is given by Eq. 7.53b. The shear capacity contri-
buted by the failure of the combined top flange in 2wel is 
given in the same form as Eq. 8.18, except with t from pc 
Eq. 7.53a and L replaced by L1. 
For the steel bottom flange, let ~crbf and ~Tbf be the 
additional normal and shearing stresses beyond Stage 2 to cause 
yielding of the bottom flange plate. If Vbf is the shear 
capacity contributed by 2be2 or 2we2 corresponding to ~crbf and 
~Tbf' then these additional stresses are given in the same 
forms as Eqs. 8.19, except with Abf from Eqs. 7.55 and L 
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replaced by L1. By combining the normal stresses of Eqs. 8.22a 
and 8.24a with that of Eq. 8.19a, and the shearing stresses of 
Eqs. 8.23 and 8.25 'vith that of Eq. 8.19b, and by introducing 
the resulting stresses into the von Mises's yield condition~ 
Vbf is obtained in the same form as Eq. 8.20a, but with L 
replaced by L1 , and a5 , a 12 and a 13 redefined as 
(8. 33a) 
vl (Ll ~ zl) Ybf v2 (L -1 zl)ybf
1 
al2 = a9 [ I + I I J + 3a5 alO 
X X 
(8.33b) 
vl (L - zl)ybf v2 (L - zl)ybf 1 2 1 1 
al3 = [ + I I J I 
X X 
2 (Vl + v )2 - y 3 (8.33c) + 3a5 (crbf) 2 
The values of Abf and tpc in a 9 and a 10 are those from the case 
of negative bending plus torsion. 
The small~r of Vcf and Vbf controls the flange failure and 
is designated as Vf. The shear capacity of the panel is 
which is also the ultimate load P as given by Eq. 8.31. 
u 
It is possible that the top or bottom flange may yield 
before the far web buckles. If this occurs, the strength of 
the girder can be evaluated by the same procedure as employed 
previously. 
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8.3 Results and Comparisons 
b 2 (5. 1) ( . 5 1) The composite ox girder D FLg. . was tested to 
failure with a concentrated load at midspan and directly over a web. 
The material properties of this girder are listed in Table 5.1. The 
analysis indicated that the girder strength was governed by the 
bottom flange failure. The ultimate tensile strength of the bottom 
flange plate was 275.8 MN/m2 (40.0 ksi). This was obtained from 
tension coupon tests. Hmvever, this value was acquired at a high 
strain rate. By using this dynamic tensile strength of the bottom 
flange plate, an ultimate load of 265.2 kN (59.6 kips) was obtained 
which is 11.6% higher than the measured ultimate load of 237.6 kN 
(53.4 kips). If the static ultimate tensile strength of the bottom 
flange plate had been used in computation, the result could have been 
better. 
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9. SUMMARY AND CONCLUSIONS 
This dissertation presents the elastic stress analysis and the 
ultimate strength evaluation of composite box girders. 
In the elastic analysis, the shear lag effects on the flexural 
stresses and the warping effects on the torsional stresses are 
included. The behavior of the cross-sectional deformation is 
examined briefly. The computed and the experimental stresses and 
deflections are in good agreement. 
In the ultimate strength evaluation, the buckling and post-
buckling behaviors of web panels are studied. Failure of the com-
posite top flange and of the steel bottom flange are considered. 
Full plastification of the cross-section is taken into account for 
box girders subjected to flexural loading alone. Procedures are 
developed for evaluating the ultimate strength of rectangular com-
posite box girders under shear plus positive or negative bending, 
and under shear plus positive or negative bending plus torsion. 
Good correlation between the computed and the experimental ultimate 
loads is obtained. 
From the results of this 'vork, the following conclusions are 
reached: 
1. Shear lag effects are prominent for box girders with small 
span-to-width ratios. For these box girders the normal stresses 
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have to be evaluated by the shear lag analysis, whereas the shearing 
stresses may be computed by the ordinary beam theory. 
2. The heavier the webs are relative to the flanges, the 
greater are the equivalent widths of the flanges. 
3. The projecting \vidths of the deck beyond the webs have 
little effect on the equivalent widths of the flanges. 
4. The thin-walled torsional theory for box sections with 
homogeneous components can be applied to composite box sections by 
performing proper transformations in evaluating the torsional 
sectional properties. 
5. The orthotropic properties of concrete deck due to rein-
.forcing bars have little effect on the flexural and the torsional 
stresses. 
6. The effects of cross-sectional distortion can be reduced 
by adding interior diaphragms. If the loads are applied at suf-
ficiently rigid diaphragms, the distortional effects are practically 
negligible. 
7. For box girders subjected to negative bending with or 
without torsion in the elastic prebuckling stages, a partial deck 
thickness can be used for predicting the stresses and deflections. 
8. The valuation of the ultimate strength of a single-cell, 
composite box girder under flexural or flexural plus torsional 
loading is equivalent to the strength evaluation of two parallel 
composite plate girders. 
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'· 
9. The ultimate strength of a thin-walled composite plate 
girder can be considered as the sum of the web buckling strength and 
the post-buckling strength of tension field action. 
10. The tension field strength of thin-walled composite plate 
girders is governed by the bending rigidity of the composite deck and 
the steel bottom flange. Tension field strength is reached when the 
two flanges have developed plastic hinges and are pulled in by the 
web tension field action. 
11. The strain hardening effects of the bottom flange are 
important in the strength evaluation of composite box girders sub-
jected to positive bending with or without torsibn. 
12. If the strength of a composite box girder loaded in 
flexure and torsion is governed by web failure, the load-carrying 
capacity of the girder can be conservatively assumed to be reached. 
The results of flexural and torsional stress analyses in this 
study can be employed as a basis for generating design aids. The 
charts for plate buckling coefficients supplement existing infor-
mation and cover all possible loading cases of web panels. All the 
formulas derived for the elastic stress analysis and ultimate 
strength evaluation of composite sections are in a general form. 
These formulas can be applied directly to steel box sections without 
any difficulty. Furthermore, the procedure for estimating the 
ultimate strength of composite box girders provides a method of 
strength ev~luation for composite plate girders. However, it appears 
-148-
that more experimental work needs to be conducted for better con-
firmation of the theoretical development. 
Additional extensive research is by all means needed in this 
area. Some of the important aspects which deserve to be given 
attention are: 
1. The equivalent flange widths used for computing ultimate 
strength in this development are the widths derived from elastic 
analysis considering shear lag effect. The equivalent widths cor-
responding to inelastic behavior of the girder may differ from those 
obtained by the elastic analysis. Also, the effect of the pulling 
resulted from tension field action on the equivalent widths needs to 
be considered. 
2. The redistribution of torsional moment during the final 
stages of web failure may be important for substantially different 
box proportions from the ones investigated in this work. 
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TABLE 2.1 COMPARISONS OF MAXIMUM AND AVERAGE LONGITUDINAL NORMAL STRESSES (a ) 
z 
OF AN ILLUSTRATIVE BOX GIRDER 
Orthotropic 8/4-- 4/4 Orthotropic 4/4-- 8/4 Plain 0 -
Gross In Bottom Gross In Bottom Gross 
Deck Concrete Flange Deck Concrete Flange Deck 
Maximum -2.14. -1.46 34.36 -1.903 -1. 62 7 34.52 -1.79 
a , MN/m 
z 
2 (-0.310) (-0.211) (4. 976) (-0.276) (-0. 236) (5.007) ( -0.25 7) 
(ksi) 
Average -1.17 -0.81 22.43 -1.145 -o. 972 22.533 -1.12 
2 (-0.172) (-0.117) a , MN/m 
z 
(3. 246) (-0.166) (-0.141) (3.268) (-0.162) 
(ksi) 
Maximum '% 
Average' o 180 180 153. 166 166 153 159 
. 
0 Deck 
Bottom 
Flange 
34.78 
(5.040) 
22.67 
(3. 286) 
153 
-TABLE 2.2 EQUIVALENT WIDTH RATIOS 
w 
"' "' 
c 1 2 3 4 5 6 7 8 9 10 12.5 15 20 25 -=-b b bf c c 
A.1 
b .307 .511 .622 • 686 .735 .768 
. 779 .819 .835 .851 .880 .900 .927 .944 
c 
3.0 A.2 .148 .277 .401 .493 .568 .620 .639 • 700 .727 .752 .798 .830 .873 .900 
w 
-
b ..... 
c c 
A.3 
.263 .464 .580 • 655 .710 .749 
bf 
.773 .805 .825 .842 .874 .896 .925 .943 
A.1 
.309 .516 . 631 .703 .751 • 788 .815 .837 .854 .869 .895 .914 .938 .952 -b 
c 
2.2 
A.2 
.251 .445 .572 .654 .709 .752 .784 .809 .829 .845 .876 .898 .925 .942 
w - b· 
c c 
A.3 
.263 .465 .581 . 657 . 711 . 751 
bf 
.782 .807 .827 .844 .876 .898 .926 .944 
be= bf = 3810 mm (150 in.), tc = 102 (4), tf = 25 (1), hw = 2540 (100, tw = 13 (1/2), 
wtf = 305 (12), ttf = 25 (1), E/Ec = 10, E/Gc = 2.34, E8 = .. 203,550 MN/m
2 (29,500 ksi) 
-I 
1-' 
VI 
N 
I 
• 
TABLE.4.1 WARPING NORMAL STRESSES, MN/m2 (ksi) AT BOTTOM CORNER OF BOX BENEATH LOAD 
bf 
Torsional Distortional cr Due to Diaphragms Spaced at 
w 
h 2 (J 
w w 
L/2 L/4 L/6 L/8 
5 8.96 25.58 12.82 9.10 6.07 
(1. 30) ~(3. 71) (1. 86) (1.32) (0.88) 
2 -6.48 54.95 27.51 19.65 14.13 
(-0.94) (7. 97) (3.99) (2.85) (2.05) 
-
1 -16.14 84.60 50.75 33.85 25.37 
(- 2.34) (12. 27) (7.36) (4.91) (3.68) 
1/2 -22.76 82.33 41.16 29.44 21.17 
(- 3.30) (11.94) (5. 97) (4.27) (3.07) 
1/5 -28.54 58.06 29.86 22.27 14.89 
(- 4.14) (8.42) (4.33) (3.23) (2.16) 
c 
TABLE 4.2 
TRANSVERSE DISTORTIO);AL BENDING STRESSES, MN/rn2 (ksi) 
AT THE BOTTOH OF WEBS 
bf 
Diaphragms Spaced at 
L/2 L/4 L/6 L/8 h 
w 
12.14 (1.45) 0.41 0.14 
5 (1. 76) (0.21) (0.06) (0.02) 
2 59.16 8.89 (2.41) 1.03 
(8.58) (1.29) (0.35) (0.15) 
188.30 28.26 8.96 3.79 
1 (27.31) (4.10) (1.30) (0.55) 
52.82 7.93 (2.14) 0.90 
1/2 (7. 66) (1.15) (0. 31) (0.13) 
8.83 . 1.03 0.28 0.07 
1/5 (1. 28) (0.15) (0.04) (0.01) 
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Properties 
Steel 
Concrete 
Deck 
Yield Stress 
TABLE 5.1 MATERIAL PROPERTIES OF SPECIMENS 
(All stresses in MN/m (ksi) 
Specimens Dl D2 
Small Top Flanges 
Yield 213.9 207.0 
Webs 
Stress'>'( 
Bottom Flange (31.0) (30.0) 
Young's Modulus of Elasticity 
Shear Modulus of Elasticity 
Poisson's Ratio 
Compressive Strength'>'( 34.5 38.0 
... (5.0) (5.5) 
Ll 
253.2 
(36. 7) 
293.9 
(42. 6) 
262.2 
(38. 0) 
203,550 
(29,500) 
78,315 
(11,350) 
0.3 
38.0 
(5. 5) 
Young's Modulus of Elasticity 25,530 25,806 27,462 
(3700) (3740) (3980) 
Shear Modulus of Elasticity 10,902 11,040 11' 730 
(1580) (1600) (1700) 
Poisson's Ratio .. ' ... 0.17 
. 
of Deck Reinforcement* 483 i 331 I 
(70) I (48) 
I L2 
253.2 
(36. 7) I 
I 
I I 392.6 (56.9) 
. 
259.4 
(37.6) 
29.1 
( 4. 21) 
23,391 
(3390) 
10,005 
(1450) 
• 
TABLE 5.2 SECTION PROPERTIES OF SPECIMENS 
Specimens 
Properties D1 D2 Ll 12 
Transformed Area 106.13 104.26 554.77 492.26 
of Section, 
(76.30) 2 (" 2) (16.45) (16.16) (85.99) em ~n. 
Distance from N.A. 25.27 25.55 74.88 73.51 
to mid-line of 
Bottom Flange, (9.95) (10.06) (29.48) (28.94) 
em (in.) 
Moment of Inertia 2.097 X 10 4 2.061 X 10 4 1.084 X 106 1.006 X 10 6 
about x-axis, I ' 104) (2.416 X 104) 4 c· 4) 
X (503.8) (495.2) 2 o 603 X 
em ~n. 
Moment of Inertia 4.878 X 10 4 4.828 X 10 4 1. 235 X 106 1.074 X 10 6 
about y-axis, I ' 104) (2.580 X 104) 4 (. 4) y (1171.9) (1160.0). 2.966 X em ~n • 
... 
Shear Center 2.512 2.845 3.647 3.472 
above N.A., (O. 989) (1.120) (1.436) (1. 36 7) em (in.) 
St. Venant 1.425 X 10 4 1. 206 X 10 4 8.171 X 105 6. 918 X 105 · 
Torsional 
104) 104) Constant KT, (342. 3) (289. 7) 1. 963 X (1.662 X 
4 (. 4) em ~n. 
Warping Moment of 6 6 108 8 Inertia, Iw 1.588 X 10 1.862 X 10 3.555 X 4.090 X 10 
6 (. 6) (5915.2) (6934.5) 1.324 X 106) (1.523 X 106) em 1n. 
' 
Central Moment 4 4 1.170 X 106 6 
of Inertia, I , 2.351 X 10 2.277 X 10 1.084 X 10 
4 . 4 c (564.8) (547.0) 2.810 X 104) (2.605 X 104) 
em (1n. 
Warping Shear 0.3940 0.4704 0.3017 0.3619 Parameter, 11 
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I 
....... 
V1 
0\ 
I 
TABLE 7.1 COMPUTED PANEL STRENGTHS, kN (kips) OF SPECIMEN M2 
Buckling Strength Post-buckling Panel Strength 
Strength 
Panel 2V 2Vt 2(V + Vt) cr cr 
This Study Corrado This Study Corrado This Study Corrado 
4 3.26 2.76 2.39 2.83 5.65 5. 60 
(0. 732) (0.621) (0.537) (0.637) ( 1. 269) (1.258) 
5 3.04 2.55 2.07 2.47 5.11 5.03 
(0. 683) (0.574) (0. 465) (0.556) (1.148) ( 1.130) 
Note: The measured P =between 10.46 (2.350) and 11.79 (2.650) 
u 
p 
u 
This Study 
10.59 
(2.379) 
10.95 
(2. 460) 
Corrado 
10.50 
(2.360) 
10.77 
(2.420) 
• 
I 
Single Box 
., '--------' \ 1 \....____,/ 
Multi-box 
I 
\ I I I 
Multi-cell 
Fig. 1.1 Types of Box Girder Cross Section 
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-158-
Fig. 2.1 Single Celled Composite Box Girder 
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Fig. 2.2 Flexural Shear in a Single Celled Box 
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Fig. 4.1 Cross-sectional Distortion 
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APPENDIX A 
FLEXURAL STRESSES IN SINGLE CELL COMPOSITE BOX GIRDERS 
A.l Orthotropic Deck and Bottom Flange 
The stress function expressions for the top and bottom flanges 
are Eqs. 2.26 and 2.28, respectively. 
For the flanges, combination of the conditions of symmetry 
of Eqs. 2.30 with Eqs. 2.19, 2.22, 2.24, 2 • .26 and 2.28 gives 
B = D = 0 
n n 
(A.la) 
and 
F = H = 0 
n n 
(A.lb) 
By substituting the expression of transverse normal strain as given 
by Eq •. 2.13g into Eq. 2.3lb, performing the integration, and 
utilizing Eqs. 2.19, 2.24, 2.26 and A.la, the following equation is 
obtained. 
1 (Xl 1 1 
u = E ~- [A (- + \1 r 1) sinh r 1 an x x 1 an n r 1 xz . 
+ c 
n 
1 (- + \1 r 2)sinh r 2 a x] r 2 xz n 
sin a z 
n 
(A.2) 
This equation and the boundary condition of Eq. 2.3la combine to 
give the following relationship 
C = - ~ A n n n (A.3a) 
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where 2 rl Ct b 
r2 (1 + 
n c 
\) rl ) sinh 2 xz 
'n 
= (A. 3b) 
2 r2 Ct b 
r1 ( 1 + v 
n c 
r2 ) sinh 2 xz 
For the bottom flange, from Eqs. 2.22b~ 2.24, 2.28 and A.lb 
and the boundary condition of Eq. 2.3lc, the following relationship 
is established. 
G = - Tin E n n (A.4a) 
where r3 Ct bf 
cosh n 2 
Tin = r4 an bf 
cosh 2 
(A.4b) 
For the projecting portions of the concrete deck, the longitud-
inal strain (e ) at the connection line (x = + b /2) is equal to 
z . . - c . 
that of the deck between two webs. At this line, the transverse 
displacement u is zero as is expressed in Eq. 2.3la. Since rigid 
body translation and rotation at the deck to web junctions do not 
2 
occur, it follows that (0 ~)x = + b /Z = 0, from which the following 
oz - c (2 9) 
boundary condition is deduced by Winter • • 
1 u 
E ( 3 
z Ox 
o
3 
F ) be 
vzx 2 oz oxx = 2 
1 
G 
zx 
(A.S) 
These conditions and Eqs. 2.32 give rise to the following relation-
ships: 
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A = pn A + qn c (A. 6a) n n n 
c = s A + t c (A. 6b) 
n n n n n 
I B=-s A +p C 
n n n n n 
(A. 6c) 
I 
D = • 8 A +~t c (A. 6d) 
n n n n n 
where 
(A.6e) 
2 b r2 + \1 r2 an zx cosh c 
2 2 
r1 + \1 I zx q = 
2 2 Ez E n 2 
(r2 + \lzx)[r1(r1 + \lzx- ~) s + r2(r2 + \1 - _z_)p J n zx G n 
1 + zx zx 
2 2 Ez E 2 z (r1 + \lzx) [r1 (r 1 + \lzx - ~) t + r2( r2 + vzx - -)q J n G n 
zx zx 
(A.6f) 
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s 
n 
t 
n 
1 + 
= 
1 + 
(r1 2 + 
r 2 + 
2 
vz) [r1 (r1 2 + 
2 2 (r? + v )[r1(r1 + ... zx 
\) 
zx 
\) 
zx 
\) 
zx 
\) 
zx 
Q' 
r1 an be 
cosh 2 
E 2 z 
- -)t + r2 ( r2 + G n 
zx 
E 
z 
r2(r2 2 - -)s + + G n 
zx 
b 
\) 
zx 
\) 
zx 
cosh. 
r2 n c 
2 
(r12 + vzx)[r1(r1 2 
E 2 z 
+v - -)t + r (r + \) 
zx G n 2 2 zx zx 
E 2 2 z 2 (r2 + \Jzx)[r1Cr1 +v - -)s + r2Cr2 + \Jzx zx G n 
zx 
1 
E 
- _z_)q J 
G n 
zx 
E 
- _z_)p J 
G n 
zx 
(A. 6g) 
E 
- _z_)q J 
G n 
zx 
E 
z 
- G-)pn] 
zx 
(A. 6h) 
pn = Denominator (A. 6i) 
r 2 a (w - b ) sinh n c c 
2 
Denominator 
r 1 cosh 
r. 1 a (w - b ) r a (w - b ) nc c 2nc c 
2 cosh 2 
Denominator 
(A. 6j) 
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s 
n 
r 1 a (\v - b ) r 2 a (\v - b ) h n c c . h n c c r 1 sin 2 s~n 2 
= ~~----------~---------------------------Denominator 
r 1 a (\v - b ) r 2 a (w - b ) 
. r.2 cosh· n ~ c cosh n ~ c 
Denominator 
t 
n Denominator 
Denominator 
r 2 a (w - b ) r 1 a (w - b ) 
= sinh n c c cosh n c c 
rl 2 2 
rl a (w - b ) r2 a (w -b ) n c c n c c 
- r sinh 2 cosh 2 2 
sn 
I 
= s p - t s 
n n n n 
I 
pn = t t - s qn n n n 
g = pn Pn - qn s n n 
I I 
X. = q t 
- p qn n n n n 
(A. 6k) 
(A. 6.£) 
(A.6m) 
(A. 6n) 
(A. 6o) 
(A. 6p) 
(A. 6q) 
Equations A.6 relate the stress function coefficients of the 
projecting deck to those of the deck between webs. There are also 
compatibility conditions between the longitudinal strains of the 
flanges and those of the webs along their lines of connection. 
Let Z and Z be the total resultant forces of the longitudinal 
c s . 
stresses in the concrete deck and bottom flange, respectively. 
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w /2 
z = 2 t I c a dx c c 0 z (A. 7a) 
wf/2 
z = 2 Jo N dx s z (A. 7b) 
Substitution of Eqs. 2.19a, 2.24, 2.26, A.la, and A.6 into A.7a, and 
Eqs. 2.22a, 2.24, 2.28 and A.lb into A.7b, respectively, results in 
the following. 
co 
z = 2 r: 
s n=l 
where 
1 rl 0 [1;" 1 =- sinh n Q' 
n 
- sn rl(cosh 
co 
(iJ.n 
an b 
2 
E 
A + '1' 
n n 
+ w • n n 
c+ pn rl 
C ) sioo z 
n n 
G ) sioo z n n 
rl a (w 
sinh n c 2 
rl an(wc - b ) c 1) 
-2 
r 2 a (w - b ) n c c 
2 
r 2 a (w - b ) n c c ,_ l)] 
2 
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(A. 7c) 
(A. 7d) 
- b ) 
c 
(A. 7e) 
1 ~2 Q' b r2 0' (w - b ) 
'1' [r sinh n c ..L. sinh n c c 2 I qn rl 2 n Q' 2 
n 
r 0' (\v - b ) 
+ p r (cosh 1 n c c 1) 
-n 1 2 
r 0' (w 
-
b ) 
+ t r sinh 2 n c c 
n 2 2 
r an(wc - b ) 
+it r (cosh 2 c 1)] 2 -n 2 (A. 7£) 
r3 r3 an bf wf - bf 2 r3 Q' bf sinh co~h n 1-Ln =- + r3 Q' 2 2 2 
n 
(A. 7g) 
and 
r4 \ d bf wf - bf 2 r4 Q'n bf sinh n r4 cosh w =- + 2 n Q' 2 2 (A. 7h) 
n 
The total internal moment can be considered as composed of 
I 
two parts: a part 2M generated by stresses in the two webs (plus 
I I 
the small steel top flanges), and the other part M due to the 
longitudinal forces Z and Z • From the equilibrium of the internal 
c s 
moment and the external moment of Eq. 2.29, it is obtained 
1 M =- ( ~ M 
2 n=l n 
co 
sinO' z - Z e + Z e ) 
n s s c c 
(A.8) 
in which e and e are the absolute values of the distance from the 
s c 
centroid of the web (tee) to the middle line of the bottom flange 
and concrete deck, respectively (Fig. 2.8). 
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The axial strain of the ~·7eb at the mid-depth level of concrete 
is equal to that of the concrete deck, as given by Eq. 2.13f, along 
the line of junction. 
1 
E 
s 
I 
- Me 
c ( I' 
z + z 1 c s 
2 A' ) = E 
z 
(o 
z 
- \) 
zx 
0 ) 
X 'X --
b 
c 
2 
(A. 9a) 
Similarly, at the junction of web and bottom flange, with the flange 
longitudinal strains given by Eq. 2.16a, 
1 
E 
s 
1-1' e 
s 
( I' 
In Eqs. A.9, I' is the moment of inertia of the tee, con-
(A.9b) 
sisting of a web and a small steel top flange, about its horizontal 
centroidal axis, and A' the corresponding cross-sectional area. 
By substituting Eqs. A.7c, A.7d and A.8 into Eqs. A.9, 
expressing the right hand sides of Eqs. A.9 in terms of stress 
functions, and making use of the relationships of stress function 
coefficients developed previously, coefficients A and E can be 
n n 
solved and are expressed as shown below. 
e )f. I 
- es 1l n ' 
A c n M (A. lOa) = I I I n n 2E I' (Q 1ln - c X. ) s n n n 
I 
e Q 
- e 
'n E c n s M (A.lOb) = 
n I I I n 2E I' (Q 1ln - c )f. ) s n n n 
-255.;. 
where 2 
e 1 rt (E s + A,)(I-Ln - w T] ) + n I' E n n 
s s 
a3 ( r32 r3 an bf + 
b 2) 
cosh 2 
Es(a3 c -3 3 
(A.lOc) 
(A.lOd) 
e e 1 Q ( c s A') t (~ 
- ' '±' ) = I' n E E c n n n (A.lOe) 
s s 
2 
I e 1 
en (E 
c 
+ E A,) (~ - ' '±' .) = I' t c n n n 
s s 
+_!_ r 2) rl an 
b 
(\) + cosh c E zx 1 2 
z 
1 r 2) r2 Q' b cosh n c "E C <\) + n zx 2 2 (A.lOf) 
z 
Once coefficients A and E are determined~ all others can be 
n n 
computed from Eqs. A.3, A.4, A.5 and A.6. The stresses can then be 
computed--through the stress functions and are summarized as follows: 
(1) For concrete deck between webs 
I 
CXl e X. - es T]n 
L: c n (r 2 cosh 0 = rl an X z I I I I 1 
n=1 2E I' (Q T]n - 'n X ) s n n 
Cn 
r 2 cosh l;z Q' x)M sinan z 2 n n 
-256- (A.lla) 
c:> e It - e Tln 
I: c n s (cosh · r (J - - Q' X 
X 
n=1 2E (9 
'n 
) 1 n I Tln - ,.._ s n n 
-
'n 
cosh r2 Q'n x)M sina z n n 
(A.llb) 
' c:> e X. 
-
e T]n 
I: c n s (r 1 sinh r 1 T ""' - ' ' Q' X zx 
n=1 2E I (9 Tln 'n 
n 
-
It n) s n 
- ' r 2 . sinh r 2 a x)M cosa z n n n n (A.llc) 
(2) For the projecting portions of the deck 
' 00 e if. - es Tln 
E c n (J = 
' . ' z n=1 2E I (9 Tln 'n X. ) -s n n 
b 
h ( __£) cos r 1 an x - 2 
2 
- (s + ' p ) r 1 sinh r1 n n n · 
' + (s 
n 
b 
(9 + ' if. ) r 2 sinh r 2 an(x - 2c) ]Mn sin a z n n n ·2 n 
(A.lld) 
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cr = -
X 
T = 
zx 
C:l 
~ 
n=1 
e X. 
-
e 11n c n s 
I I 
2E (9n 11n 
'n 
It ) I -s n 
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'n qn ) cosh r1 Q'n (x -
- (s + ' p ) sinh n n n 
+ (s 
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I I 
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I 
[(pn 
b 
_£) 
2 
b. 
- (Q +' x. ) sinh r a (x- _£)]M sina z 
n nn 2n 2 n n 
CD 
L: 
e x. 
c n 
I I 
- e 11 s n 
n=1 2E 
s 
I (9 
n 
- (s + ' p ) rl n n n 
I 
b 
c 
r a (x - -) 1 n 2 
b 
c 
cosh r 1 an (x - y) 
b I 
+ "s \ n r t ) r sinh ~n n 2 
c 
r a (x - -) 2 n 2 
b 
- (Qn + 'n x.n) r2 cosh r2 an(x - 2c)]Mn 
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(A. lle) 
COSO' Z 
n 
(A.llf) 
(J) For the bottom flange between webs 
N = 
z 
L: 
n=l 2E 
s 
e 9 - e r 
c n s "'n 
I I I 
I I (9 1] - ' n n n 
I 
K ) 
n 
N = -
X 
L: 
n=l 
N 
zx 
= -
co 
~ 
n=l 
1] cosh r 4 a x)M sin a z n n n n 
2E 
s 
e 
c 
I 
I 
9 - e 
n s 
(4) For the projecting portion of the bottom flange 
N = 
z 
I 
e 9 - e C 2 r 3 a bf c n s n n L: ----~-=--~~--~~~~-~~---1 (r3 cosh 2 
n=l 2Es I (9n 1]0 - Cn Kn ) 
co 
2 r4 a bf 
- 1] r cosh n ) M sin a z 
n 4 2 n n 
(A .llg) 
(A.llh) 
(A.lli) 
(Assumed to be uniform from junction to tip) (A.llj) 
N 0 (Assumed) 
X 
(A.llk) 
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co e 9 
- e ~n I r3 bf Q' 
L: c n s (r3 2 n N = - I Q' cosh 
zx n=l 2E I (9 .,., ~n ) n 2 'in X. s n n 
2 r4 Q' bf wf n 
- 'Tl r4 cosh 2 
) (-- x)M cos Q' z 
n 2 n n 
(A.lli) 
(5) For a web (plus the small steel top flange) 
I I 
CD es(I-Ln - llJ 'fln)(ec 9n - e ~n ) 
M 1 L: [1 - n s =- I 2 I 
n=l E I -'9 
'Tln - ~ x.n ) s \ n n 
I 
t e (0 - '±' ~n)(ec )'..n - e 'Tl ) 
+ c c n n s n ]M sin a (A.llm) I I z 
E I (9 
'Tln - ~ ) 
n n 
it 
s n n 
I 
CD e (!J. - w I] ) ( e 9 - e en ) 
v 1 L: [1 - s n n n c n s =-2 I I 
n=1 E I (9 T)n - e ft ) s n n n 
I 
t e (0 - '±' e ) (e ft 
- e T)n ) 
+ c c n n n c n s I I I I ] Q' M cos Q' z 
E I (9 T)n - en ft ) n n n s n n 
(A.lln) 
CD (0 I I N -1 L: [ t - '±' ~)(e x. - e T)n ) = c n n c n s 
2E I n=l g T)n - e s ft n n n 
I I 
(!J. - w 'fl ) (e 9 
- e en ) 
+ n n n c n s ]M sin a z 
g 
'Tln - e 
n n )t 
n n n 
(A.llo) 
I I 
(j ~ !!_ + M y (A.llp) - I I 
z A I 
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in which y' is the vertical distance from the centroid of the 
web (tee) to the fiber considered, being positive if do•vnward. 
'T = 
zy 
1 
o:> 
2.: 
2E I t n=l 
s w 
- TJ r4 sinh n 
Tln r4 
2 
cosh 
(dN ) A 
+ dz .1 
A t 
w 
e 
c 
Q 
n 
r4 Ct n 
2 
r4 Ci 
2 
Q 
- e C r3 Ct bf n s n 
,[r3 n I sinh 
Tln - c 
2 
X. 
n n 
bf w - bf 2 r3 Ct bf f 
etn(r3 cosh n 2 2 
b ·. I 
n f) ]M + v Q cos Ct z 
n n I I t 
w 
(A.llq) . 
where Q is the statical moment of area (A1) about the horizon-
tal centroidal axis of the web (tee)(x' - axis in Fig. 2.8), 
A1 is taken from the section in conside~ation to the bottom 
dN 
outermost fiber of the web (tee) and ~ is the derivative 
I 
of N with respect to z. The individual equivalent widths of 
the flange portions are computed below. 
(1) For concrete deck between webs: 
By definition, the equivalent width, Al (Fig. 2.9) can be 
found by 
t 
c 
(o ) 
Z X 
b 
c 
=-
2 
b /2 
= I c 
0 
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0 
z 
t 
c 
dx (A.l2a) 
By substituting Eq. A.lla into the above, integrating and nondimen-
sionalizing with b , it is obtained 
c 
I 
).1 2£ [ ~ e i-t - e Tln c n s 
-=-- L: I b TTb (9 
- ~ c c n=l Tln i-t n n n 
r2 Ctn b 
- ' 
c)M sin et r2 sinh 2 n n n 
rl Ct b 
(rl n c I sinh 2 )n 
z]{ ~ e i-t - e Tln c n s I I 
n=l 9 
n T]n 
- ' i-t n n 
2 rl Ct b 2 r2 Ct b (rl n c 
- ' 
n 
c)M sin a z] cosh 2 r2 cosh 2 n n n 
(2) For the projecting portion of the deck: 
w .. b 
c c 
{ 
·I I 
2! ~ e tt - e T] 
= -TT~( w.....;c=-=_-b-c-:-)- n~ 1 -(-9---=-~ c;;;..7l---:;n:'--_-r-.::-s -tt--=n:.:.,l:-)-n [ (et n 0 n 
n '1n '::>n n 
rl Ct b n c) 
.. rl sinh 2 ~ (cc '! -n n n 
r e X. - e T]n L: I c n s I n=l 9 T] 
- ' 
X. 
n n n n 
M sin '"n •} n 
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(A.l2b) 
(A.l2c) 
(3) For the bottom flange between webs: 
[ 31 I 11.3 _:u__ e 9 - e C r3 C'i bf c n s n (r3 n bf TT b f sinh 2 (9 Ti - r )n ':on rt n n n 
r Q' bf z]{ ~ e 9 - e Cn .nh 4 n H c n s 
- r 'T1 s~ 2 ) sin Q' I 4 n n n 
n=l 9 
'T1n 
- ' 
ft 
n n n 
2 r3 Q' bf 2 r4 Q' b z] (r3 n cosh n f)M sin cosh 2 - r 'T1 2 an 4 n n 
(A.12d) 
(4) The projecting portions of the bottom flange are assumed 
to be fully effective. 
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A.2 Orthotropic Concrete Deck and Isotropic Bottom Flange 
All the equations in Section Al Hhich are pertinent to the 
orthotropic deck remain applicable. 
For the isotropic bottom flange, the differential equation of 
Eq. 2.21 and the stress function expression of Eq. 2.27 are applicable. 
With (ax)r = (az)r = 0, the strains of Eq. 2.16 reduce to 
1 1 (N - N ) € =- \) 
z E tf z s X s 
(A.l3a) 
1 1 (N - N ) € = \) 
X E tf X s z s 
(A.l3b) 
N 
y zx = 
zx G s tf 
(A.13c) 
By the symmetry of stress pattern it is obtained 
F = G = 0 
n n 
(A.l4) 
From the assumed boundary condition of Eq. 2.3lc that the transverse 
stress is zero at the bottom flange-to-web junctions, it is deduced 
H = 
- 'f1 E (A.l5a) n n n 
where an bf 
cosh 2 
11n = (A.l5b) bf Q' n bf 
2 sinh 2 
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} 
The small projecting lips of the bottom flange are again 
assumed fully effective. The total longitudinal resultant force 
in the bottom flange is given by 
where 
z = 2 
s 
co 
1 bf(wf -
w = C-z+ 4 n 
a 
n 
+_!_ (w -
a f 
n 
bf) 
J 
.b-:f 
-) 
2 
sina z 
n 
a n bf 
sinh 2 
cosh 
an bf 
2 
(A.l6a) 
(A.l6b) 
(A.l6c) 
The compatibility of longitudinal strains at the· junction 
lines of bottom flange and webs leads to the following: 
1 
E 
s 
I 
M e ( s 
I 
(A.l7) 
where the right hand side is from Eq. A.l3a. After substitution of 
the terms into Eq. A.l7 and its companion Eq. A.9a, the coefficients 
A and E can be solved. The expressions for A and E are exactly 
n n n n 
I I 
the same as given by Eqs. A.lO except with the values of rt and 11 
n n 
represented by 
2 
e 
( s X. = + n E I 
s 
1 1 
- wn 'lln) + E [cosh ,)(!J.n 
E A s tf 
s 
11 (1._ 
na 
n 
anbf bf 
cosh 2 + T sinh 
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bf a n 
2 
(A.l8a) 
\ I 
11n 
e e 
= (__..:;:;c_.::.s 
E 
s 
I E 
s 
1 
A 
I)(!J.n (A.l8b) 
In all of these equations for orthotropic concrete deck and isotropic 
bottom flange, the values of 0 , ~ and C are from Eqs. A.7e, A.7f 
n n n 
and A.3b,and 1-1 , w and 11 are from Eqs. A.l6b, A.l6c and A.l5b. 
n n n 
The stresses in the component parts of the box are summarized 
as follows: 
(1) For concrete deck between webs: 
Same as given by Eqs. A.lla, A.llb and A.llc. 
(2) For the projecting portions of the deck: 
Same as given by Eqs. A.lld, A.lle and A.llf. 
(3) For bottom flange between webs 
N = 
.z I: 2E I I ( g I 11 I - r I " 
n= 1 s n n '<>n it n J 
oo e g I - e C I 
c n s n 
[cosh ex x - 11 (1.._ cosh ex x + x sinh a x) J 
n na ·. n n • 
n 
M sin ex z 
n n (A.l9a) 
oo e g I - e r I 
c n s '<>n N = -- I: " 
x 2E I I (9 I 11 I - r I it n'). 
n=l s n n '<>n 
[cosh ex x- T] x sinh an x] M sin ex z 
n n n n 
(A.l9b) 
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N 
zx 
oo e 9 1 -
'E 2E I I ( 9 I 
n=l s n 
c n 
e r 1 
s -.,n 
~ I - { I i'., I) 
'
1n ":on n 
[sinh an x - T]n (~ sinh Q'n x + x cosh. Q'n x)] • 
n 
(4) For the projecting lips of bottom flange~ 
N = 
z 
[cosh 
Q' b 
S inh n f)] M 
2 • n 
sin a z 
n 
(Assumed to be uniform from juncture to tip.) 
N = 0 (Assumed) 
X 
00 e Q I 
- es 
'n 
I 
c n N = - I: I' (9 I T] I I I) . a· zx 2E 
-
'n 
;-. n 
n=l s n n n 
Q' bf 2 Q'n bf [cosh n 
- T] (- ,cosh. 2 n Q' 2 
n 
bf Q' b wf 
sinh n f) J x) +- (-- M cos an 2 2 2 n 
(5) For a web: 
z 
The moment, shear and axial force taken by a ~..reb and a 
(A. 19c) 
(A.l9d) 
(A.l9e) 
(A.l9f) 
small steel top flange are the same as given by Eqs. A.llm, 
A.lln and A.llo. The normal stress, cr , is given by Eq. A.llp. 
z 
The shearing stress is 
-.267-
) 
1 
'f = --..:::...,..--
zy 2E I' t 
s w 
e g - es sn an bf 
-7c __ n~-~~~-[[sinh 
2 
n=l 9n ~n - Sn ~n 
(dN' )A 
+ dz 1 
A' t 
w 
(A.l9g) 
where Q' and A1 are determined by the same procedure as that 
for Eq. A.llq. 
The equivalent widths are the following: 
(1) For concrete deck between ~ebs: 
Same as expressed by Eq. A.l2b. 
(a) For the projecting portion of the deck: 
Same as expressed by Eq. A.l2c. 
(3) For bottom flange between webs: 
1 a bf bf a b 
an 11 n f) ]M - 11 (- sinh n2 +- cosh sin n a 2 2 n n 
I 
{ ro e 9 - e sn an bf 11 (.1._ 
a bf L: c n s [cosh cosh n I 
n=l en' 11n - s 
2 nan 2 X. n n 
(A. 20) 
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(4) The projecting portions of the bottom flange are assumed to 
be fully effective. 
A.3 Isotropic Concrete Deck and Bottom Flange 
Equations of Section A.2 Hhich are derived for an isotropic 
bottom flange are applicable. These are Eqs. A.l4, A.lS, A.l6 and 
A.l8. For an isotropic deck 
and 
E = E 
Z X 
\) = \) 
zx ·xz 
The governing differential equation is Eq. 2.21 and the stress 
(A.2la) 
(A. 2lb) 
function expressions are Eqs. 2.24 and 2.25. All the procedures in 
determining the stress function coefficients are the same as those · 
employed previously. The results are listed in the following: 
sinh 
Ci b 
n c 
2 
ern be 
cosh 2 
1 - \) 
__ _;XZ 
1 + \) 
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1 
Ci 
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sinh 
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(A.22) 
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p I = ----------------------------~~-------------------------n E E 
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l+a(l+\J) 
n zx 
Ci (1 + \) 
n zx 
- G2 )sn- (J + \Jzx- _G_z_)pn 
Ci (1 + \) 
n ·zx 
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zx zx 
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(A.23a) 
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(A.23b) 
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(A.23c) 
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(A. 23d) 
(A. 23e) 
(A.23£) 
(A. 23g) 
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(A. 23i) 
I 
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(A.23k) t 
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s (A. 23£) 
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qn (A.23m) 
1 Ct b I a (w -b ) a (w -b ) [sinh n
2 
c + n c ·c [ n c c ~ 
n 
=- Pn sinh - sn cosh 2 
an 2 
I [ 1 
a {w -b ) w -b a (w -b ) 
+ sinh 
n c c 
+ 
c c 
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-
1] 
(A. 24a) 
b ) 
c 
(A .24b) 
I 
The expressions for~ , ~ , and w are identical to Eqs. A.l5b, A.l6b, 
n n n 
and A.l6c, respectively. 
e e 1 9 ( c s A') tc (~ - r '¥ ) = n E I' E n "'n n (A. 25a) 
s s 
e 2 
1 1 + \) Ct b I c zx n c 
'n 
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s s z 
' lc..L 
Ct b b Ct b 
cosh n c + __£ (1 + \) ) sinh n c] 
n E a 2 2 zx 2 
z n 
(A .25b) 
The expressions for~ 1 and~ 1 are the same as Eqs. A.l8a and A.18b. 
n n 
The· following is a summary of expressions for stresses: 
(1) For the deck between webs: 
co e K'-e ~· c n s n 
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(A.26a) 
(A. 26b) 
(A. 26c) 
(2) 
(J = 
z 
For the portions of the deck outside webs: 
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(A. 26f) 
(3) For the bottom flange between webs: 
Same as given by Eqs. A.l9a, h.l9b and A.l9c. 
(4) For the projecting lips of bottom flange: 
Same as given by Eqs. A.l9d, A.l9e and A.l9f. 
(5) For the webs: 
The expressions for moment, shear and axial force taken 
by a web and a small steel top flange are the same as 
Eqs: A~llm, A.lln and A.llo, respectively. 
The normal stress is computed from Eq. A.llp and the 
shearing stress from Eq. A.l9g. 
The equivalent widths are summarized as follows: 
(1) For the deck between webs: 
b ex b 
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+ ....£ sinh n c)]M sin ex 2 2 n n 
... 274-
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(A. 27a) 
w 
c 
(2) For the projecting portion of the deck: 
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n Ctn n 
(3) For the bottom flange between webs: 
Same as given by Eq. A.zo: 
Qn b 
- sinh 2 
sin et z/ 
n 
(A.27b) 
(4) The projecting portions of the bottom flange are assumed 
to be fully effective. 
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c) 
APPENDIX B 
ROTATIONS AND DERIVATIVES OF WARPING FUNCTION 
B.l Simple Beam with Concentrated Torsional Moment (Fig. 3.5a) 
0 s Z s aL 
0 = Gr~T [ ~ (sinh a AL ctnh AL- cosh a AL)sinh AZ 
f" = 
z . 
+ (1 - a) 1:J 
T A(sinh a AL ctnh AL - cosh a AL)sinh AZ 
Gr KT 
Section torque = (1 - a) T 
aL s Z s L 
(B. la) 
(B.lb) 
(B.lc) 
~ = GTLK [~L sinh a AL (ctnh AL sinh AZ- cosh AZ) 
r T 
z 
+a(l-j)J 
T f" = --=-- A sinh a AL (ctnh A.L sinh A.Z - cosh A.Z) 
Gr KT 
Section torque = - a T 
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(B .ld) 
(B.le) 
(B.lf) 
B.2 Concentrated Torsional Moment at Overhanging End of 
Simple Beam (Fig. 3.5b) 
0 :5: Z :5: L 
0 = 1 D [(sinh ~L ctnh ~L1 - cosh AL) sinh AZ 
+ sinh AL (cosh AL - sinh AL ctnh z ALl) L ] 
TL A2 
sinh :\.L ctnh AL - cosh AL 
f" l = G r KT D 
Section torque = 
0 = 
- 11 sinh A~ (sinh AL ctnh AL1 - cosh 
D 
~ [AL - ~ sinh AL (cosh AZ 
- ctnh ALl sinh AZ)] + TZ 
Gr KT 
sinh 
AL) 
. T 
(B.2a) 
AZ (B. 2b) 
(B.2c) 
(:S.2d) 
f" G TLK Az • si~ AL (ctnh ALl sinh AZ - cosh AZ) 
r T 
(B.2e) 
Section torque T (B. 2f) 
where 
D =-AL + ~ sinh AL (cosh AL - sinh AL ctnh AL1) (B.2g) 
-277-
B.3 Simple Beam Hith Uniformly Distributed Torsional Noment in 
Part of Span (Fig. 3.5c) 
1-L mt 
~ = --=--
! .. ? G K 
r T 
[cosh 'AZ - [sinh a 'AL 
+ (1 - cosh a 'AL) ctnh 'AL] sinh 'AZ - 1} 
aL mt 
+ 2G K 
r T 
(2 - a - ~) Z 
aL 
+ (1 - cosh a 'AL) ctnh 'AL] sinh 'AZ - 1} 
Section torque = (1 - ~) aL mt - mt Z 
aL :5: Z :5: L 
a
2 L2 Z 
- ctnh 'AL sinh A.Z) + 2G K (1 - L) · mt 
r T 
(B.3a) 
(B. 3b) 
(B.3c) 
(B. 3d) 
mt 
£" = ---"'-- (1 - cosh a 'AL) (cosh 'AZ - ctnh 'AL sinh A.Z) 
Gr KT 
(B. 3e) 
Section torque . m 
t (B. 3£) 
In the case where mt extends over the whole span, Eqs. B.3a 
through B.3c can be used by setting a equal to 1. 
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• 
B.4 Uniformly Distributed Torsional Moment Throughout Overhanging 
Portion of Simple Beam (Fig. 3.5d) 
0 ::;; Z ::;; L 
f" = 
A.(L1 - L) sinh A.(L1 - L) - cosh A(L1 - L) + 1 
D 
(L sinh A.Z - Z sinh A.L) 
m 
t . . A.L . [t..(L ;_ L) . 
Gr KT D 1 
(B.4a) 
sinh A.(L1 - L) - cosh A.(L1 - L) + 1] sinh A.Z 
(B.4b) 
sinh A.L Section torque = - ~ mt • AD 
[A.(L1 - L) sinh A.(L1 - L) - cosh A(Ll - L) + 1] 
(B.4c) 
- ~] sinh A.L [sinh A.(L1 - Z) - sinh A.(L1 - L)] 
+ A.L cosh A.L [sinh A.(L1 - Z) - sinh A.(L1 - L)] 
+ ~ sinh A.L sinh A.(L- Z) + A.L(sinh A.Z - sinh A.L)} 
+ mt (Z- L)(L - z + L) 
G K 1 2 
r T 
(B.4d) 
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• 
+ AL cosh AL sinh A(L1 - Z) + ~ sinh AL sinh A(L - Z) 
(B.4e) 
Section torque = (11 - Z) mt (B.4f) 
where 
D =sinh AL1[AL +~sinh AL(sinh AL ctnh ALl- cosh AL)] 
(B.4g) 
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